Generalized T-Map Modelling Procedure & Tolerance Sensitivity Analysis Using T-Maps by Chitale, Aniket (Author) et al.
 Generalized T-Map Modelling Procedure 












A Thesis Presented in Partial Fulfillment  
of the Requirements for the Degree  








Approved May 2018 by the 
Graduate Supervisory Committee:  
 
Thomas Sugar, Co-Chair 
Joseph Davidson, Co-Chair 









ARIZONA STATE UNIVERSITY  
August 2018
  i 
ABSTRACT  
   
Geometrical tolerances define allowable manufacturing variations in the features 
of mechanical parts. For a given feature (planar face, cylindrical hole) the variations may 
be modeled with a T-Map, a hyper solid in 6D small displacement coordinate space. A 
general method for constructing T-Maps is to decompose a feature into points, identify 
the variational limits to these points allowed by the feature tolerance zone, represent these 
limits using linear halfspaces, transform these to the central local reference frame and 
intersect these to form the T-Map for the entire feature. The method is explained and 
validated for existing T-Map models. The method is further used to model manufacturing 
variations for the positions of axes in patterns of cylindrical features. 
When parts are assembled together, feature level manufacturing variations 
accumulate (stack up) to cause variations in one or more critical dimensions, e.g. one or 
more clearances. When the T-Maps model is applied to complex assemblies it is possible 
to obtain as many as six dimensional stack up relation, instead of the one or two typical 
of 1D or 2D charts. The sensitivity of the critical assembly dimension to the 
manufacturing variations at each feature can be evaluated by fitting a functional T-Map 
over a kinematically transformed T-Map of the feature. By considering individual 
features and the tolerance specifications, one by one, the sensitivity of each tolerance on 
variations of a critical assembly level dimension can be evaluated. The sum of products 
of tolerance values and respective sensitivities gives value of worst case functional 
variation. The same sensitivity equation can be used for statistical tolerance analysis by 
fitting a Gaussian normal distribution function to each tolerance range and forming an 
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equation of variances from all the contributors. The method for evaluating sensitivities 
and variances for each contributing feature is explained with engineering examples.  
The overall objective of this research is to develop method for automation 
friendly and efficient T-Map generation and statistical tolerance analysis.  
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CHAPTER 1 
INTRODUCTION AND LITERATURE REVIEW 
1.1 Introduction 
There are two intellectual contributions described in this thesis. The first is new general 
method for constructing any T-Map and the application of it to patterns of cylinders, such 
as holes or pins. The method is to represent the feature and tolerance with boundary 
points, convert these to linear halfspaces, transform the linear halfspaces to single frame 
of reference, and then form their intersection. The second is a general method to generate 
multiple stack up conditions from T-Maps, conditions which include the sensitivity of 
every contributing tolerance. Each chapter in this thesis is dedicated to a specific area of 
research related to T-Maps. The aim of the research is to build methodologies to perform 
computer aided tolerance analysis using T-Maps. Everything in this thesis is built upon 
the previous research done by students in the area of T-Maps, ideas and methodologies 
put forward by faculty advisors and efforts made to find solutions to problems faced 
while trying to bring these ideas to reality. 
Chapter 2 contains a description of the linear halfspace intersection method for 
constructing T-Maps. The approach is to represent the feature and tolerance information 
in such a way that the feature is treated as cluster of points to construct every T-Map by 
linear halfspace intersection. The method is validated for existing T-Map models for 
planar features, cylindrical features and line profiles. Further, new T-Maps are 
constructed for patterns of cylindrical features using the approach. 
Chapter 3 contains the description of a newer methodology for understanding statistical 
tolerance analysis with T-Maps. It can be used to evaluate sensitivities, or amplification 
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factors, for each tolerance specified on contributing features. The chapter contains three 
engineering examples of varying complexity. In the first example, a worst case tolerance 
analysis using T-Maps is compared to results from the 1D charts model. Results are the 
same. The second example explains the ability of T-Maps to consider variations from 
features which are not considered in a 1D chart analysis. The third example shows the 
ability of T-Maps to evaluate tolerance sensitivities different than unity against 1D charts 
model [1, 2] where sensitivity of each contributing tolerance is always unity. 
Chapter 4 is a user manual for one who wants to use the T-Map library software 
developed as a result of the entire research. The chapter contains a detailed explanation of 
the methods and functions to construct and process T-Maps for planar features, 
cylindrical features and patterns of cylindrical features along with its limitations. The T-
Map library software can be used to performing Minkowski sum of two T-Maps, to find 
intersection of two T-Maps, generate sections and projections of a T-Map, print and 
visualize 3D T-Maps and to fit a functional-Map over a T-Map. Procedure used for the 
automated worst case tolerance analysis and sensitivity analysis using the T-Map library 
software is explained along with a discussion on the file format for results.  
1.2 Literature Review 
T-Maps models have been under development since 1998, and previous work has been 
done by several researchers. Mujezinovič [1,2,3] developed T-Maps for size, form and 
orientation tolerances of planar polyhedral and round faces. He used T-Maps for 
tolerance analysis for the stack-up and tolerance allocation of an assembly of rectangular 
and cylindrical parts. He demonstrated how T-Maps distinguished the effects of different 
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datum sequencing on parts with orientation tolerances. He has partially developed the 
stack-up for an assembly of parts with an offset included. 
Davidson and Shah [4] developed a T-Map for axis in accordance with a position 
tolerance. The 4D T-Map for line is built from 5 basis features, and it represents all 
possible variations of the axis in the tolerance zone. Davidson and Shah [5] also 
developed the T-Map for a tab and slot features. 
Bhide [7] expanded the T-Map for an axis of a cylindrical feature by mapping it to 
variations due to position, orientation and form. The T-Map for a pin or a hole having 
size, position and form tolerances as well as material modifiers was developed by Ameta 
[28]. Bhide also gave the difference in T-Maps for sequence of datums on a cylinderical 
hole, and evaluated the intersection of tolerances in a pin-hole assembly. 
Ameta [8] developed T-Maps for representing variations due to different specifications 
on angled faces and incident point-line feature clusters. For angled faces, tolerances for 
size and angularity were included. He applied the T-Maps to stack-ups of parts with 
angled faces, and the T-Map for the point-line cluster to a picture frame assembly. Ameta 
[9, 22] developed a probability model for conducting statistical tolerance analysis and 
allocation using the ASU T-Maps model. He built a frequency distribution for a 
dimension of interest in an assembly of parts and applied probability model to several 
assemblies that contain planar features, an engaged pin and hole, an engaged tab and slot, 
a feature –cluster, and patterns of features. Ameta, Singh [23] illustrated how assembly-
level T-Maps represent the distinctions between the three ways, listed in [24], of 
specifying the Pattern Locating Tolerance Zone Framework (PLTZF) and the Feature 
Relating Tolerance Zone Framework (FRTZF). The different T-Maps were generated 
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intuitively. They then used these results to form the first T-Map that mathematically 
models part-level variations between two parts that are joined by a linear pattern of 
engaged pins and holes. 
Clasen [10] developed T-Maps for runout and straightness tolerances and for a line-plane 
cluster. He developed T-Maps for the full range of circular and total runout specifications 
on cylinders, round planes and cones. 
Jian [11] applied T-Maps model to control the variations in position and orientation of the 
saw blade on a power saw. He used Minkowski Sum operation to combine the effects of 
tolerances on contributing features to evaluate stack up relations. 
Kalish [17, 25] used the T-Maps model to set up a casting on machining fixture to ensure 
complete machining on its features. He used inverse kinematic transformation [15] to 
transform linear halfspace coefficients, and Qhull [26] to find linear halfspace 
intersection to construct Set-up Maps (S-Maps). 
Numerous models have been developed, similar to T-Maps [29, 30, 31], which are really 
efficient. Deviation Domain, developed by Max Giordano [14], has been constructed to 
represent variations of features that are allowable within their respective tolerance zones. 
From the graphical representation of two models, T-Maps and Deviation Spaces, are to 
be similar, but they have significant differences in their construction and their resolution 
method [30]. 
There is another group of researchers who adopt the theory of matrices to model the 
tolerance zones, i.e. matrix representation of tolerances. Among others, Desrochers and 
Rivière [32] is the most representative work of this kind. From a mathematical point of 
view, the position of a geometric element with respect to a global reference frame is 
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changed only by the displacement that does not leave it globally invariant, i.e. non-
invariant displacement. 
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CHAPTER 2 
GENERALIZED METHOD TO GENERATE TMAPS 
Generalization or standardization is a key step towards automating processes. The 
procedure to construct T-Maps can be generalized to apply to all features and expressed 
with few simple steps. In this chapter a general procedure to construct T-Map is 
explained and is applied to generate T-Maps for planar features, cylindrical features, 
patterns of cylindrical features, and profiles. T-Maps are mathematical models developed 
at ASU to represent geometric variations in features of manufactured components. 
2.1 Method 
There are two sets of information necessary to generate a T-Map for given feature. First 
the geometry of feature and second is the tolerance specifications. If these two things are 
known it is possible to generate T-Map for any feature by following below steps. 
1) Identify feature geometry and tolerance zone 
2) Set up a Local Feature coordinate frame, preferably at the geometric center of 
feature at its nominal position. 
3) Decompose the feature geometry into control points. 
4) For each control point, 
a. Set up local control point coordinate frame 
(Preferably at nominal position of control point) 
b. Evaluate boundary for movement of control point from tolerance scheme 
on feature 
c. Represent this boundary with linear halfspace coefficients in the local 
coordinate frame of control point 
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d. Transform these linear halfspaces from local coordinate frame of control 
point to local coordinate frame of feature using inverse kinematic 
transformation 
5) Find linear halfspace intersection 
This linear halfspace intersection is the T-Map for the feature. 
2.2 Application to Planar Feature 
Example 1 – Symmetric tolerance on rectangular planar feature  
Consider part drawing for a block of length 𝐿 with rectangular cross section of 100x50 
units as shown in Fig. 2.1. 
 
Fig. 2.1 Planar Feature - Example 1 - Tolerance Scheme 
 
1) Feature geometry and tolerance zone 
There is a size tolerance of ±1 over length 𝐿. Dimension is specified in a way that bottom 
plane is the reference and the top plane is the feature whose manufacturing variations are 
to be controlled within the specified tolerance range. A T-Map is to be generated for top 
plane to represent possible manufacturing variations. Geometry of feature at its nominal 
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location is illustrated in Fig. 2.2(a) which is a rectangle of dimensions 100 units x 50 
units. The tolerance zone can be represented as a rectangular prism of height 2 units and 
base dimensions 100 units x 50 units as shown in Fig. 2.2(b). Geometry of tolerance zone 
and geometry of feature overlapping on each other is illustrated in Fig. 2.2(c). 
 
Fig. 2.2 Planar Feature - Example 1 (a) Feature Geometry with Local Feature Coordinate 
Frame (b) Tolerance Zone Geometry (c) Relative Position of Tolerance Zone with respect 
to The Nominal Feature 
 
2) Set up a Local Feature coordinate frame  
A local coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿 is set up as shown in Fig. 2.2(a) at geometric center 
(center of area) of feature (rectangular plane) when is at its nominal location. The T-Map 
which will be generated will represent possible variations in feature measured in this 
local feature coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿. 
3) Decompose feature geometry into control points 
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It is possible to completely define the feature under consideration which is a rectangular 
plane by using four vertex points as shown in Fig. 2.3(a). These four vertex points are 
called control points in further discussion and are shown as 𝐶𝑃1, 𝐶𝑃2, 𝐶𝑃3 and 𝐶𝑃4 in Fig. 
2.3(a). 
 
Fig. 2.3 Planar Feature - Example 1 (a) Control Point Coordinates in Local Feature 
Coordinate Frame (b) Control Point Coordinate Systems (c) Control Point Boundaries 
and Boundary Point Coordinates in Respective Local Control Point Coordinate Frame 
 
Cartesian coordinates for these control points in frame 𝑋𝐿𝑌𝐿𝑍𝐿 are the displacement 
vectors which will be used further to transform linear halfspaces generated for respective 
control points. 
4) For each control point 
a. Set up local control point coordinate frame 
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(Preferably at nominal position of control point) 
Fig. 2.3(b) shows four coordinate frames 𝑋1𝑌1𝑍1, 𝑋2𝑌2𝑍2, 𝑋3𝑌3𝑍3 and 𝑋4𝑌4𝑍4 set up for 
four respective control points  𝐶𝑃1, 𝐶𝑃2, 𝐶𝑃3 and 𝐶𝑃4 at their nominal locations. These 
coordinate frames are parallel to the local feature coordinate frame and hence have 
rotation matrix equal to identity matrix. 
b. Evaluate boundary for movement of control points allowed by the tolerance 
scheme on feature 
As the rectangular plane varies within the tolerance zone, control points translate along 𝑍 
axis. For the plane to be inside the tolerance zone, every control point must lie on its 
own 𝑍 axis within the range 𝑍 = ±1. Hence, as shown in Fig. 2.3(c), boundary for 
variation in control points as per tolerance scheme can be defined as a line segment on 
the 𝑍 axis extending between two point with 𝑥, 𝑦, 𝑧 coordinates (0,0,1) and (0,0,-1) 
measured in respective control point coordinate frame. 
c. Represent these boundaries with linear halfspaces in the local coordinate 
frame of the control point 
There are two distinct spaces; the first is real 3D space and the second is 6D small 
displacement space, also referred to as T-Map space. Real 3D space is represented using 
3 coordinate axes x, y and z. All the coordinate frames which are set up so far, the local 
feature coordinate frame and all the control point coordinate frames are in real 3D space. 
It is the space in which the feature geometry and tolerance zone geometry is defined and 
measure. T-Map space is defined using six small displacement coordinate 
axes ϕ, ψ, θ, Δx, Δy and Δz [17, 19]. Using homogeneous point-or plane-coordinates, 
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[𝛼𝜙 … 𝛼Δ𝑧 −𝑏] [𝜙 … Δ𝑧 1]𝑇 = 0, (1) 
represents a hyperplane [20] in 6D homogeneous SDT point-coordinates 
[𝜙 … Δ𝑧 1]𝑇 = [𝜙 𝜓 𝜃 Δ𝑥 Δ𝑦 Δ𝑧 1] or in homogeneous plane-
coordinates [αϕ … αΔz −b] = [αϕ αψ αθ αΔx αΔy αΔz −b]. The directed 
normal distance from the plane to the origin of the reference frame is equal to −𝑏/
√∑𝛼𝑘2. With the negative sign on the square root, the directed sense is reversed with 
that of the vector [αϕ … αΔz −b] [15, 20]. One of the many methods to interpret the 
homogeneous coordinates (𝑥, 𝑦, 𝑧, 𝑤) of a point is to read (𝑥, 𝑦, 𝑧)as a vector and 
consider scalar 𝑤 to be a weight or scale, such that vector multiplied by the weight gives 
required point in space. Hence a single point (𝑥, 𝑦, 𝑧) can be represented in homogeneous 
coordinates as (𝑥, 𝑦, 𝑧, 1) or (2𝑥, 2𝑦, 2𝑧, 0.5) or infinite other combinations. 
(𝑥
√(𝑥2 + 𝑦2 + 𝑧2)⁄
,
𝑦
√(𝑥2 + 𝑦2 + 𝑧2)⁄
, 𝑧
√(𝑥2 + 𝑦2 + 𝑧2)⁄
, √(𝑥2 + 𝑦2 + 𝑧2)) (2) 
is one possible representation of point (𝑥, 𝑦, 𝑧) where length vector formed by first three 
elements is unity or one and scalar element gives distance of point (𝑥, 𝑦, 𝑧) and the 
origine (0, 0, 0). Such a homogeneous representation of boundary point coordinates, 
using point plane duality, is used to represent a plane, whose coefficients can be given as, 






































√(𝑥2 + 𝑦2 + 𝑧2)⁄
𝑦
√(𝑥2 + 𝑦2 + 𝑧2)⁄
𝑧
√(𝑥2 + 𝑦2 + 𝑧2)⁄













This equation (3) is general and is applicable to all features and not just the planar 
features. 
Table 2.1 shows the normalized linear halfspace coefficients calculated using Eq. (3) and 
boundary point coordinates. 
 
Table 2.1 
















Normalized boundary linear halfspace 
coefficients in 𝑗𝑡ℎ frame 𝑋𝑗𝑌𝑗𝑍𝑗  
   𝑥 𝑦 𝑧 𝛼𝜙, 𝛼𝜓, 𝛼𝜃 𝛼Δ𝑥 𝛼Δ𝑦 𝛼Δ𝑧 −𝑏 
      using Eq. (3) & Fig. 2.3(c) 
h1 CP1 𝑋1𝑌1𝑍1 0 0 1 0 0 0 1 -1 
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h2 0 0 -1 0 0 0 -1 -1 
h3 
CP2 𝑋2𝑌2𝑍2 
0 0 1 0 0 0 1 -1 
h4 0 0 -1 0 0 0 -1 -1 
h5 
CP3 𝑋3𝑌3𝑍3 
0 0 1 0 0 0 1 -1 
h6 0 0 -1 0 0 0 -1 -1 
h7 
CP4 𝑋4𝑌4𝑍4 
0 0 1 0 0 0 1 -1 
h8 0 0 -1 0 0 0 -1 -1 
d. Transform linear halfspaces from local control point coordinate frame to 
local feature coordinate frame using inverse kinematic transformation 
Linear halfspace coefficients are transformed using the inverse kinematic transformation 
matrix [17]. Inverse kinematic transformation matrix is pre multiplied by linear halfspace 
coefficients in 𝑗𝑡ℎ frame to get transformed linear halfspace coefficients in 𝑖𝑡ℎ frame is 
given as, 
[𝛼𝜙 𝛼𝜓 𝛼𝜃 𝛼Δ𝑥 𝛼Δ𝑦 𝛼Δ𝑦 𝑏]𝑖


















0   















and 𝐶𝑥, 𝐶𝑦 and 𝐶𝑧 are components of displacement vector 𝐶. This transformation for T-
Map linear halfspaces was first developed by [17] and also appears in [27]. 
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The inverse kinematic transformation matrix for each control point is different since each 
has different displacement vector. Both linear halfspaces are constructed using boundary 
points for a specific control point are transformed using the same inverse kinematic 
transformation matrix constructed for that control point. 
Real space 3D coordinate systems are used to construct transformation matrices for all 
control point boundary linear halfspaces. Using these transformation matrices, linear 
halfspaces are transformed in the 6D T-Map space. 















is formed entirely from the displacement vector, 
𝐶𝑖𝑗 = [𝐶𝑥 𝐶𝑦 𝐶𝑧]𝑖𝑗, (8) 














The transformation of coefficients then is 
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[𝛼𝜙 𝛼𝜓 𝛼𝜃 𝛼Δ𝑥 𝛼Δ𝑦 𝛼Δz 𝑏]𝑖








1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 𝐶𝑧 −𝐶𝑦 1 0 0 0
−𝐶𝑧 0 𝐶𝑥 0 1 0 0
𝐶𝑦 −𝐶𝑥 0 0 0 1 0










where, for a control point, 𝛼𝜙, 𝛼𝜓 and 𝛼𝜃 are always 0 in 𝑗




























































































The transformed boundary linear halfspace coefficients are listed in Table 2.2. 
Table 2.2 









Non-zero boundary linear 
halfspace coefficients 
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Label 𝑋𝑗𝑌𝑗𝑍𝑗  𝑋𝑖𝑌𝑖𝑍𝑖 transformed to 𝑖𝑡ℎ coord 
frame 𝑋𝑖𝑌𝑖𝑍𝑖 
   
𝐶𝑥 𝐶𝑦 𝐶𝑧 𝛼𝜙 𝛼𝜓 𝛼Δ𝑧 −𝑏 




25 50 0 
50 25 1 -1 
h2 -50 -25 -1 -1 
h3 
𝑋2𝑌2𝑍2 -25 50 0 
50 -25 1 -1 
h4 -50 25 -1 -1 
h5 
𝑋3𝑌3𝑍3 -25 -50 0 
-50 -25 1 -1 
h6 50 25 -1 -1 
h7 
𝑋4𝑌4𝑍4 25 -50 0 
-50 25 1 -1 
h8 50 -25 -1 -1 
 
As can be seen in Table 2.2, coefficients 𝛼𝜃, 𝛼Δ𝑥 and 𝛼Δ𝑦 are zero for all 8 linear 
halfspaces. It means all linear halfspaces are parallel to coordinate axes 𝜃, Δ𝑥 and Δ𝑦 and 
intersect each other at infinity. Therefore, coordinate dimensions  𝜃, Δ𝑥 and Δ𝑦 are the 
null coordinate dimensions. To find linear halfspace intersection with Qhull, it is 
necessary to consider only non-null coordinate dimensions. Further, the linear halfspace 
coefficients need to be in normalized form, i.e. divide all the coefficients and distance – 𝑏 
by quantity 𝐿 which is the length of vector formed with all the linear halfspace 
coefficients. 
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𝐿 = √𝛼𝜙2 + 𝛼𝜓2 + 𝛼𝜃2 + 𝛼Δ𝑥2 + 𝛼Δ𝑦2 + 𝛼Δ𝑧2. (13) 



























𝑏𝑛 = 𝑏/𝐿 (16) 
Table 2.3 lists linear halfspace coefficients for non-null coordinate dimensions for the 
rectangular plane in Fig. 2.2 and explains calculations to normalize these linear halfspace 
coefficients. 
5) Find linear halfspace intersection 
The intersection of the 8 linear halfspaces which are defined using linear halfspace 
coefficients in Table 2.3 gives T-Map for rectangular plane under consideration. A single 
hyperplane in homogeneous coordinate frame, eq. (1), can be represented by infinite 
number of equations by multiplying both LHS and RHS by any constant. Qhull needs a 
standard representation for all the input data. Hence, normalization is /necessary if Qhull 
[26] is to be used for finding intersection [21]. Linear halfspace coefficients before 
normalizing and after normalizing yield same equations for respective linear halfspaces. 
𝜙 = 𝑏 𝛼𝜙⁄ , 𝜓 =
𝑏
𝛼𝜓⁄ , θ =
𝑏
𝛼θ⁄  (17) 
Δ𝑥 = 𝑏 𝛼Δ𝑥⁄ , Δ𝑦 =
𝑏
𝛼Δ𝑦⁄ , Δ𝑧 =
𝑏
𝛼Δ𝑧⁄  (18) 
 
Table 2.3 
Planar Feature - Example 1 - Normalizing Transformed Boundary Linear Halfspaces 
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Linear halfspace 
Label 




𝑛  −𝑏𝑛 
 
Eq. (13) & Table 
2.2 
Eq. (14), (15), (16) & Table 2.2 
h1 
55.91 
0.8943 0.4471 0.0179 
-0.0179 
h2 -0.8943 -0.4471 -0.0179 
-0.0179 























Points of intersection of linear halfspaces with coordinate axes in T-Map space can be 
manually computed as shown in Table 2.4 using Eq. (17) & (18) [15]. 
To improve the readability of a T-Map, angular coordinates are amplified using factor 
equal to 50 in Table 2.4. If plotted without amplifying the angular coordinates, the T-Map 
will appear as a flat surface instead of 3D solid. For computations using Qhull [26] this 
amplification of angular coordinate dimensions is not necessary unless visuals are to be 
produced. 
Table 2.4 
Planar Feature - Example 1 - Coordinate Axis Intercepts 





𝜙′ = 50𝜙 𝜓′ = 50𝜓 Δ𝑧 
Eq. (17) & (18) & Table 2.2 
h1 1 2 1 
h2 -1 -2 -1 

















The T-Map i.e. linear halfspace intersection of above 8 linear halfspaces with labels on 
visible linear halfspaces is shown in Fig. 2.4. This T-Map represents possible variations 
in rectangular plane in Fig. 2.2 measured in coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿. 
 
Fig. 2.4 Planar Feature - Example 1 - T-Map for Rectangular Planar Face in Fig. 1.2 
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Example 2 – Unsymmetrical bilateral tolerance on rectangular planar feature  
Consider part drawing for a block of length 𝐿 with rectangular cross section of 100x50 
units as shown in Fig. 2.5. 
 
Fig. 2.5 Planar Feature - Example 2 - Tolerance Scheme 
 
1) Feature geometry and tolerance zone 
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Fig. 2.6 Planar Feature - Example 2 (a) Relative Position of Tolerance Zone with respect 
to Feature (b) Control Point Coordinate Systems (c) Control Point Boundaries and 
Boundary Point Coordinates in Respective Local Control Point Coordinate Frame 
 
There is an unsymmetrical bilateral size tolerance of +1 and − 0.5 for dimension 𝐿. The 
geometry of feature and that of tolerance zone is same as illustrated in Fig. 2.2(a) and 
Fig. 2.2(b) respectively. Geometry of tolerance zone and geometry of feature overlapping 
on each other is illustrated in Fig. 2.6(a). 
2) Set up a Local Feature coordinate frame  
A local coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿 is set up as shown in Fig. 2.2(a) at geometric center 
(center of area) of feature (rectangular plane) when is at its nominal location. The T-Map 
which will be generated will represent possible variations in feature measured in this 
local feature coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿. 
3) Decompose feature geometry into control points 
Control points in 𝐶𝑃1, 𝐶𝑃2, 𝐶𝑃3 and 𝐶𝑃4 are as shown in Fig. 2.3(a). 
4) For each control point 
a. Set up local control point coordinate frame preferably at the nominal 
position of control point 
Fig. 2.6(b) shows four coordinate frames 𝑋1𝑌1𝑍1, 𝑋2𝑌2𝑍2, 𝑋3𝑌3𝑍3 and 𝑋4𝑌4𝑍4 set up for 
four respective control points  𝐶𝑃1, 𝐶𝑃2, 𝐶𝑃3 and 𝐶𝑃4 at their nominal locations. 
b. Evaluate boundary for movement of control points from tolerance scheme on 
feature 
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As the rectangular plane varies within tolerance zone, control points translate along 𝑍 
axis. For the plane to be inside the tolerance zone, all the control points must lie on 𝑍 axis 
within the range−0.5 ≤ 𝑍 ≤ 1.5. Hence, as shown in Fig. 2.6(c), boundary for variation 
in control points as per tolerance scheme can be defined as a line segment on 𝑍 axis 
extending between 𝑍 = 1.5 and 𝑍 = −0.5. Each control it is free to be anywhere on this 
line segment in respective control point coordinate frame. This boundary being a line 
segment can be defined using two points 𝑍 = 1.5 and 𝑍 = −0.5 in local control point 
coordinate frame as shown in Fig. 2.6(c). 
c. Represent this boundary with linear halfspaces in local coordinate frame of 
control point 
Table 2.5 explains the equations to convert coordinates of boundary points represented in 


















Normalized boundary linear halfspace 
coefficients in 𝑗𝑡ℎ frame 𝑋𝑗𝑌𝑗𝑍𝑗  
   x y z 𝛼𝜙, 𝛼𝜓, 𝛼𝜃 𝛼Δ𝑥 𝛼Δ𝑦 𝛼Δ𝑧 −𝑏 
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   Fig. 2.6(c) using Eq. (3) 
h1 
CP1 𝑋1𝑌1𝑍1 
0 0 1.5 0 0 0 1 -1.5 
h2 0 0 -0.5 0 0 0 -1 -0.5 
h3 
CP2 𝑋2𝑌2𝑍2 
0 0 1.5 0 0 0 1 -1.5 
h4 0 0 -0.5 0 0 0 -1 -0.5 
h5 
CP3 𝑋3𝑌3𝑍3 
0 0 1.5 0 0 0 1 -1.5 
h6 0 0 -0.5 0 0 0 -1 -0.5 
h7 
CP4 𝑋4𝑌4𝑍4 
0 0 1.5 0 0 0 1 -1.5 
h8 0 0 -0.5 0 0 0 -1 -0.5 
 
d. Transform linear halfspaces from local control point coordinate frame to 
local feature coordinate frame using inverse kinematic transformation 
Transformation derived in Eq. (9) is applicable in this case as well, since all quantities 
except 𝐶𝑥, 𝐶𝑦, 𝛼Δ𝑧 and 𝑏 are zero. 
Transformed boundary linear halfspace coefficients are listed in Table 2.6. 
Table 2.6 












Non-zero boundary linear 
halfspace coefficients 
transformed to 𝑖𝑡ℎ coord frame 
𝑋𝑖𝑌𝑖𝑍𝑖 
   𝐶𝑥 𝐶𝑦 𝐶𝑧 𝛼𝜙 𝛼𝜓 𝛼Δ𝑧 −𝑏 
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25 50 0 
50 25 0 1 
h2 -50 -25 0 -1 
h3 
𝑋2𝑌2𝑍2 -25 50 0 
50 -25 0 1 
h4 -50 25 0 -1 
h5 
𝑋3𝑌3𝑍3 -25 -50 0 
-50 -25 0 1 
h6 50 25 0 -1 
h7 
𝑋4𝑌4𝑍4 25 -50 0 
-50 25 0 1 
h8 50 -25 0 -1 
 
5) Find linear halfspace intersection 
Points of intersection of linear halfspaces with coordinate axes in T-Map space can be 










𝜙′ = 50𝜙 𝜓′ = 50𝜓 Δ𝑧 
Eq. (17), (18) & Table 2.6 
h1 1.5 3 1.5 
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h2 -0.5 -1 -0.5 

















Angular coordinates are amplified using factor equal to 50 in Table 2.7. 
The T-Map i.e. linear halfspace intersection of above 8 linear halfspaces with labels on 
visible linear halfspaces is shown in Fig. 2.7. It can be observed that shape and size of T-
Map generate in Example-1 for symmetric size tolerance and T-Map generated for 
unsymmetrical bilateral tolerance in Example-2 are same, but locations of respective T-
Maps in T-Map space is different. T-Map for symmetric tolerance is symmetric about 
origin as can be seen in Fig. 2.4, but T-Map for unsymmetrical bilateral tolerance is 
translated along ∆𝑧 coordinate axis by amount equal to 0.5 units. This translation or shift 
along ∆𝑧 is a result of difference in locations of frames 𝑋𝐿𝑌𝐿𝑍𝐿 in Example-1 and 
Example-2. T-Map in Fig. 2.7 represents possible variations in rectangular plane under 
consideration measured in coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿 set up as per Fig. 2.13(a). 
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Fig. 2.7 Planar Feature - Example 2 - T-Map for Rectangular Planar Face 
2.3 Application to Cylindrical Features 
Example 1 – Axis in a cylindrical tolerance zone  
 
Fig. 2.8 Cylindrical Feature - Example 1 - Tolerance Scheme 
Consider part drawing for a block with a cylindrical hole with size and position tolerance 
as shown in Fig. 2.8. The procedure being explained in section 1 is to be used only for 
innermost tolerance zone if there is more than one tolerance specified for a feature.  
1) Feature geometry and tolerance zone 
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Fig. 2.9 Cylindrical Feature - Example 1 (a) Feature Geometry with Local Feature 
Coordinate Frame (b) Tolerance Zone Geometry (c) Relative Position of Tolerance Zone 
with respect to Feature (d) Control Point Coordinates in Local Feature Coordinate Frame 
(e) Control Point Boundaries and Coordinate Frames (f) Boundary Points in Respective 
Local Control Point Coordinate Frames 
 
The axis of the hole, which is 50 units long, is constrained by a size tolerance of ±𝑡 and a 
location tolerance of 2. T-Map is to be generated for axis of hole to represent possible 
manufacturing variations in the axis within its location tolerance zone. The geometry of 
feature at its nominal location is illustrated in Fig. 2.9(a) which is a line of length equal to 
50 units. The tolerance zone can be represented as a circular cylinder of diameter equal to 
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2 units as shown in Fig. 2.9(b). Geometry of tolerance zone and geometry of feature 
together in the local coordinate system are illustrated in Fig. 2.9(c). 
2) Set up a Local Feature coordinate frame  
A local coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿 is set up as shown in Fig. 2.9(a) at geometric center 
(midpoint) of feature (line) when it is at its nominal location. The T-Map which will be 
generated will represent possible variations in feature measured in this local feature 
coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿. 
3) Decompose feature geometry into control points 
An axis which is a line segment can be completely defined using two control points as 
shown in Fig. 2.9(d). 
Cartesian coordinates for these control points in frame 𝑋𝐿𝑌𝐿𝑍𝐿 are the displacement 
vectors which will be used further to transform linear halfspaces generated for respective 
control points. 
4) For each control point 
a. Set up local control point coordinate frame 
(Preferably at nominal position of control point) 
Fig. 2.9(e) shows two coordinate frames 𝑋1𝑌1𝑍1 and 𝑋2𝑌2𝑍2 set up at the nominal 
locations of two respective control points 𝐶𝑃1 and 𝐶𝑃2. These coordinate frames are 
aligned with the local feature coordinate frame and hence have rotation matrix equal to 
identity matrix. 
b. Evaluate boundary for movement of control points from tolerance scheme on 
feature 
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For the axis to be inside the tolerance zone, both the control points  𝐶𝑃1 and 𝐶𝑃2 must lie 
within a circle in  𝑋𝑌 plane of coordinate frames  𝑋1𝑌1𝑍1 and  𝑋2𝑌2𝑍2 whose diameter is 
equal to location tolerance specified on axis. Two circles constraining the movement of 
two respective control points in shown in Fig. 2.9(e). 
The circular boundary being a curve is approximated using 8 points  𝐵1, 𝐵2, … . . and 𝐵8 
equispaced on the boundary as shown in Fig. 2.9(f). The coordinates for these boundary 
points in the control point coordinate frame are, 
Table 2.8 
Cylindrical Feature - Example 1 – Boundary Point Coordinates 
Boundary Points Coordinates in control point coordinate frame 
Label 𝛽 
𝑥 𝑦 𝑧 
𝑟 × cos (𝛽) 𝑟 × sin (𝛽) 0 
B1 0 1 0 0 
B2 45 0.707 0.707 0 
B3 90 0 1 0 
B4 135 -0.707 0.707 0 
B5 180 -1 0 0 
B6 225 -0.707 -0.707 0 
B7 270 0 -1 0 
B8 315 0.707 -0.707 0 
 
c. Represent boundary points with linear halfspaces in local coordinate frame 
of control point 
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Table 2.9 explains the equations to convert coordinates of boundary points represented in 
read 3D space to linear halfspace coefficients represented in T-Map space. 
Table 2.9 












Normalized boundary linear halfspace 
coefficients in 𝑗𝑡ℎ frame 𝑋𝑗𝑌𝑗𝑍𝑗  
𝛼𝜙, 𝛼𝜓, 𝛼𝜃 𝛼Δ𝑥 𝛼Δ𝑦 𝛼Δ𝑧 −𝑏 





0 1 0 0 -1 
h2 B2 0 0.707 0.707 0 -1 
h3 B3 0 0 1 0 -1 
h4 B4 0 -0.707 0.707 0 -1 
h5 B5 0 -1 0 0 -1 
h6 B6 0 -0.707 -0.707 0 -1 
h7 B7 0 0 -1 0 -1 





0 1 0 0 -1 
h10 B2 0 0.707 0.707 0 -1 
h11 B3 0 0 1 0 -1 
h12 B4 0 -0.707 0.707 0 -1 
h13 B5 0 -1 0 0 -1 
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h14 B6 0 -0.707 -0.707 0 -1 
h15 B7 0 0 -1 0 -1 
h16 B8 0 0.707 -0.707 0 -1 
 
d. Transform linear halfspaces from local control point coordinate frame to 
local feature coordinate frame using inverse kinematic transformation 















































The transformed boundary linear halfspace coefficients are listed in Table 2.10. To find 
linear halfspace intersection using Qhull above linear halfspaces need to be normalized 
using Eq. (13) – (16) before passing on for processing as explained in Table 2.3 for 





Planar Feature - Example 1- Transformed Boundary Linear Halfspaces 














Non-zero boundary linear halfspace 
coefficients transformed to 𝑖𝑡ℎ coord frame 
𝑋𝑖𝑌𝑖𝑍𝑖 
   
𝐶𝑥 𝐶𝑦 𝐶𝑧 𝛼𝜙 𝛼𝜓 𝛼Δ𝑥 𝛼Δ𝑦 −𝑏 




0 0 25 
0 25 1 0 -1 
h2 -17.678 17.678 0.707 0.707 -1 
h3 -25 0 0 1 -1 
h4 -17.678 -17.678 -0.707 0.707 -1 
h5 0 -25 -1 0 -1 
h6 17.678 -17.678 -0.707 -0.707 -1 
h7 25 0 0 -1 -1 
h8 17.678 17.678 0.707 -0.707 -1 
h9 
𝑋2𝑌2𝑍2 0 0 -25 
0 -25 1 0 -1 
h10 17.678 -17.678 0.707 0.707 -1 
h11 25 0 0 1 -1 
h12 17.678 17.678 -0.707 0.707 -1 
h13 0 25 -1 0 -1 
h14 -17.678 17.678 -0.707 -0.707 -1 
h15 -25 0 0 -1 -1 
h16 -17.678 -17.678 0.707 -0.707 -1 
5) Find linear halfspace intersection 
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Points of intersection of linear halfspaces with coordinate axes in T-Map space can be 
manually computed as shown in Table 2.11. To improve the readability of T-Map, 
Angular coordinates are amplified using factor equal to 25 in Table 2.11. 
Table 2.11 





𝜙′ = 25𝜙 𝜓′ = 25𝜓 Δ𝑥 Δ𝑦 
Eq. (17) & (18) & Table 2.10 
h1 ∞ 1 1 ∞ 
h2 -1.414 1.414 1.414 1.414 
h3 -1 ∞ ∞ 1 
h4 -1.414 -1.414 -1.414 1.414 
h5 ∞ -1 -1 ∞ 
h6 1.414 -1.414 -1.414 -1.414 
h7 1 ∞ ∞ -1 
h8 1.414 1.414 1.414 -1.414 
h9 ∞ -1 1 ∞ 
h10 1.414 -1.414 1.414 1.414 
h11 1 ∞ ∞ 1 
h12 1.414 1.414 -1.414 1.414 
h13 ∞ 1 -1 ∞ 
h14 -1.414 1.414 -1.414 -1.414 
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h15 -1 ∞ ∞ -1 
h16 -1.414 -1.414 1.414 -1.414 
 
T-Map for the axis is a 4D T-Map with non-zero small displacements 𝜙, 𝜓, Δ𝑥, and Δ𝑦. It 
is necessary to bring the down to 3D for creating visuals. This can be done by setting 
value for one of four the small displacement coordinates 𝜙,𝜓, Δ𝑥, and Δ𝑦 equal to 0 in 
Eq. (1) or by considering only three linear halfspace coefficients out of four in Table 2.11 
at once. The T-Map i.e. linear halfspace intersection of above 16 linear halfspaces with 
labels on visible linear halfspaces is shown in Fig. 2.10. This T-Map represents possible 
variations in axis of hole under consideration measured in coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿. 
The T-Map for a cylinder axis formed by representing several half-space constraints 
tangent to each of the constraint circles C̅ and C, one at each end of the tolerance-zone are 
shown in Fig. 2.10(c).  Each set of these is then transformed to the local xyz-frame of 
reference (Fig. 2.10(c)) and intersected to form the 4-D T-Map shown with four hyper-
sections in Figs. 10(d)-(g) [17,25,33]. 
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Fig. 2.10 Cylindrical Feature - Example 1 – (a) T-Map Section At 𝜓 = 0 (b) T-Map 
Section At 𝜙 = 0 (c) Tolerance-Zone for Position (Tolerance T) of The Axis of a Hole or 
a Pin.  (d)-(g) Four 3-D Hypersections of The Corresponding T-Map: 𝜙′ = 0, ∆𝑦 = 0, 𝜓′ = 
0, And ∆𝑥 = 0, Respectively [17,25,33]. Every Circle has Diameter t. 
 
Example 2 – Axis in a rectangular tolerance zone  
Consider part drawing for a block with location and size tolerance specifications as 
shown in Fig. 2.11. The bilateral location tolerance specifications as per Dimensioning 
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and Tolerancing Standard ASME Y14.5-2009 section 7.4.4 result into a rectangular 
tolerance zone for the axis of hole. T-Map is generated for this rectangular tolerance zone 
using generalized method. 
 
 
Fig. 2.11 Cylindrical Feature - Example 2 - Tolerance Scheme 
1) Feature geometry and tolerance zone 
The axis of the hole, which is 50 units long, is constrained by a size tolerance of ±𝑡 and a 
bilateral location tolerance as shown in Fig. 2.11. It is assumed that cylindrical tolerance 
zone produced for total size tolerance 2𝑡 is bigger than tolerance zone for location which 
is a rectangular prism. T-Map is to be generated for axis of hole to represent possible 
manufacturing variations in the axis within its location tolerance zone. Geometry of 
feature at its nominal location is illustrated in Fig. 2.12(a) which is a line of length equal 
to 50 units. The tolerance zone is represented as a rectangular prism of 50 units long and 
2 units by 1 unit cross section as shown in Fig. 2.12(b). Relative position of geometry of 
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Fig. 2.12 Cylindrical Feature - Example 2 (a) Feature Geometry with Local Feature 
Coordinate Frame (b) Tolerance Zone Geometry (c) Relative Position of Tolerance Zone 
with respect to Feature (d) Control Point Coordinates in Local Feature Coordinate Frame 
(e) Control Point Boundaries and Coordinate Frames (f) Boundary Point Coordinates in 
Respective Local Control Point Coordinate Frames 
2) Set up a Local Feature coordinate frame  
A local coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿 is set up as shown in Fig. 2.12(a) at geometric center 
(midpoint) of feature (line) when is at its nominal location. The T-Map which will be 
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generated will represent possible variations in feature measured in this local feature 
coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿. 
3) Decompose feature geometry into control points 
An axis which is a line segment can be completely defined using two control points as 
shown in Fig. 2.12(d). 
Cartesian coordinates for these control points in frame 𝑋𝐿𝑌𝐿𝑍𝐿 are the displacement 
vectors 𝐶̅ which will be used further to transform linear halfspaces generated for 
respective control points. 
4) For each control point 
a. Set up local control point coordinate frame 
(Preferably at nominal position of control point) 
Fig. 2.12(e) shows two coordinate frames 𝑋1𝑌1𝑍1 and 𝑋2𝑌2𝑍2 set up at the nominal 
locations of two respective control points 𝐶𝑃1 and 𝐶𝑃2. These coordinate frames are 
aligned with the local feature coordinate frame and hence have rotation matrix equal to 
identity matrix. 
b. Evaluate boundary for movement of control points from tolerance scheme on 
feature 
Two rectangles constraining the movement of two respective control points are shown in 
Fig. 2.12(e). The rectangular boundary can be defined using 4 boundary 
points 𝐵1, 𝐵3, 𝐵5 and 𝐵7. But to capture all possible variations it is important to include 
points of intersection of boundary profile and coordinate axes.  There are four such 
intersection points labeled 𝐵2, 𝐵4, 𝐵6 and 𝐵8 as shown in Fig. 2.12(e). 
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c. Represent boundary points with linear halfspaces in local coordinate frame 
of control point 
Table 2.12 explains the equations to convert coordinates of boundary points represented 
in read 3D space to linear halfspace coefficients represented in T-Map space. 
Table 2.12 













Normalized boundary linear halfspace 
coefficients in 𝑗𝑡ℎ frame 𝑋𝑗𝑌𝑗𝑍𝑗  
   𝑥 𝑦 𝑧  𝛼𝜙, 𝛼𝜓, 𝛼𝜃 𝛼Δ𝑥 𝛼Δ𝑦 𝛼Δ𝑧 −𝑏 
  Fig. 2.12(f)  Eq. (3) 
h1 
CP1 
B1 0.5 1 0 
𝑋1𝑌1𝑍1 
0 0.89 0.445 0 -1.12 
h2 B2 0 1 0 0 1 0 0 -1 
h3 B3 -0.5 1 0 0 0.89 -0.445 0 -1.12 
h4 B4 -0.5 0 0 -1 0 0 0 -0.5 
h5 B5 -0.5 -1 0 0 -0.89 -0.445 0 -1.12 
h6 B6 0 -1 0 0 -1 0 0 -1 
h7 B7 0.5 -1 0 0 -0.89 0.445 0 -1.12 
h8 B8 0.5 0 0 1 0 0 0 -0.5 
h9 CP2 B1 0.5 1 0 𝑋2𝑌2𝑍2 0 0.89 0.445 0 -1.12 
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h10 B2 0 1 0 0 1 0 0 -1 
h11 B3 -0.5 1 0 0 0.89 -0.445 0 -1.12 
h12 B4 -0.5 0 0 -1 0 0 0 -0.5 
h13 B5 -0.5 -1 0 0 -0.89 -0.445 0 -1.12 
h14 B6 0 -1 0 0 -1 0 0 -1 
h15 B7 0.5 -1 0 0 -0.89 0.445 0 -1.12 
h16 B8 0.5 0 0 1 0 0 0 -0.5 
 
d. Transform linear halfspaces from local control point coordinate frame to 
local feature coordinate frame using inverse kinematic transformation 
Transformed boundary linear halfspace coefficients are listed in Table 2.13. 
Table 2.13 













Non-zero boundary linear halfspace 
coefficients transformed to 𝑖𝑡ℎ coord 
frame 𝑋𝑖𝑌𝑖𝑍𝑖 
   
𝐶𝑥 𝐶𝑦 𝐶𝑧 𝛼𝜙 𝛼𝜓 𝛼Δ𝑥 𝛼Δ𝑦 −𝑏 
Fig. 
2.12(d) 
Eq. (19) & Table 2.12 
h1 
𝑋1𝑌1𝑍1 𝑋𝐿𝑌𝐿𝑍𝐿 0 0 25 
-22.25 11.125 0.445 0.89 -1.12 
h2 -25 0 0 1 -1 
h3 -22.25 -11.125 -0.445 0.89 -1.12 
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h4 0 -25 -1 0 -0.5 
h5 22.25 -11.125 -0.445 -0.89 -1.12 
h6 25 0 0 -1 -1 
h7 22.25 11.125 0.445 -0.89 -1.12 
h8 0 25 1 0 -0.5 
h9 
𝑋2𝑌2𝑍2 0 0 -25 
22.25 -11.125 0.445 0.89 -1.12 
h10 25 0 0 1 -1 
h11 22.25 11.125 -0.445 0.89 -1.12 
h12 0 25 -1 0 -0.5 
h13 -22.25 11.125 -0.445 -0.89 -1.12 
h14 -25 0 0 -1 -1 
h15 -22.25 -11.125 0.445 -0.89 -1.12 
h16 0 -25 1 0 -0.5 
 
To find linear halfspace intersection using Qhull above linear halfspaces need to be 
normalized using Eq. (13) – (16) before passing on for processing as explained in Table 
2.3 for Planar feature – Example 1. 
 
5) Find linear halfspace intersection 
Points of intersection of linear halfspaces with coordinate axes in T-Map space can be 
manualy computed as shown in Table 2.11. To improve the readability of T-Map, 
Angular coordinates are amplified using factor equal to 25 in Table 2.14. 
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Table 2.14 





𝜙′ = 25𝜙 𝜓′ = 25𝜓 Δ𝑥 Δ𝑦 
Eq. (17) & (18) & Table 2.13 
h1 -1.25 2.5 2.5 1.25 
h2 -1 ∞ ∞ 1 
h3 -1.25 -2.5 -2.5 1.25 
h4 ∞ -0.5 -0.5 ∞ 
h5 1.25 -2.5 -2.5 -1.25 
h6 1 ∞ ∞ -1 
h7 1.25 2.5 2.5 -1.25 
h8 ∞ 0.5 0.5 ∞ 
h9 1.25 -2.5 2.5 1.25 
h10 1 ∞ ∞ 1 
h11 1.25 2.5 -2.5 1.25 
h12 ∞ 0.5 -0.5 ∞ 
h13 -1.25 2.5 -2.5 -1.25 
h14 -1 ∞ ∞ -1 
h15 -1.25 -2.5 2.5 -1.25 
h16 ∞ -0.5 0.5 ∞ 
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T-Map for the axis is a 4D T-Map with non-zero small displacements 𝜙, 𝜓, Δ𝑥, and Δ𝑦. It 
is necessary to bring the down to 3D for creating visuals. This can be done by setting 
value for one of four the small displacement coordinates 𝜙,𝜓, Δ𝑥, and Δ𝑦 equal to 0 in 
Eq. (1) or by considering only three linear halfspace coefficients out of four in Table 2.14 
at once. 
It is evident that linear halfspaces  ℎ1, ℎ3, ℎ5 and ℎ7 which represent boundary points 
 𝐵1, 𝐵3, 𝐵5 and 𝐵7 are not part of intersection and hence are redundant. These are 
illustrated by transparent planes in Fig. 2.13. Intersection formed by Linear halfspaces 
 ℎ2, ℎ4, ℎ6 and ℎ8 which represent boundary points  𝐵2, 𝐵4, 𝐵6 and 𝐵8, form T-Map for 
axis in rectangular tolerance zone as shown in Fig. 2.13(a) and (b). 
 
Fig. 2.13 Cylindrical Feature - Example 2 – (a) T-Map Section At 𝜓 = 0 (b) T-Map 
Section at 𝜙 = 0 
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2.4 Application to Patterns of Cylindrical Features 
Example – Square pattern of 4 cylindrical features 
Consider a part drawing for a 6 unit thick block as shown in Fig. 2.14 with four through 
holes along the thickness of the block. There is a position tolerance of 0.5 units on pattern 
of four holes which is modelled using the generalized procedure. 
 
Fig. 2.14 Pattern of Cylindrical Features - Tolerance Scheme 
1) Feature geometry and tolerance zone 
The axis of each of the four holes is 6 units long and is constrained by a size tolerance of 
±𝑡 and a location tolerance of 0.5 as shown in Fig. 2.14. It is assumed that cylindrical 
tolerance zone produced for total size tolerance 2𝑡 is bigger than cylindrical tolerance 
zone for location tolerance.  
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Fig. 2.15 Pattern of Cylindrical Features (a) Feature Geometry And Tolerance Zone 
Geometry with Local Feature Coordinate Frame (b) Control Points and Control Point 
Boundaries 
2) Set up a Local Feature coordinate frame  
A local coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿 is set up as shown in Fig. 2.15(a) at the geometric center 
of the pattern. The pattern can be represented by a hypothetical axis centered at the origin 
of local coordinate frame 𝑋𝐿𝑌𝐿𝑍𝐿. T-Map is to be constructed to represent possible 
variations in this axis due to manufacturing variations in the axes of holes within their 
location tolerance zone. The four axes of holes and their tolerance zones are illustrated in 
Fig. 2.15(a). 
3) Decompose feature geometry into control points 
An axis which is a line segment can be completely defined using two control points. Four 
axes decompose into 8 control points as shown in Fig. 2.15(b). 
Cartesian coordinates for these control points in frame 𝑋𝐿𝑌𝐿𝑍𝐿 are the displacement 
vectors 𝐶̅ and these vectors will be used further to transform linear halfspaces generated 
for the respective control points. 
4) For each control point 
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a. Set up local control point coordinate frame preferably at nominal position of 
control point 
Fig. 2.9(f) shows a coordinate frame 𝑋𝑗𝑌𝑗𝑍𝑗  set up at the nominal location of 𝑗
𝑡ℎ control 
point 𝐶𝑃𝑗. These coordinate frames are aligned with the local feature coordinate frame 
and hence have rotation matrix equal to the identity matrix. 
b. Evaluate boundary for movement of control points from tolerance scheme on 
feature 
The boundary that limits the variations in each control point  𝐶𝑃𝑗 is a circle that is 
approximated with 8 boundary points equispaced on the circular boundary as shown in 
Fig. 2.9(f). 
c. Represent boundary points with linear halfspaces in the local coordinate 
frame of control point  𝑿𝒋𝒀𝒋𝒁𝒋 
The coordinates for these boundary points in the control point coordinate frame are listed 
in Table 2.15. 
Table 2.15 
Pattern of Cylindrical Features – Boundary Point Coordinates 
Boundary Points Coordinates in control point coordinate frame 
Label 𝛽 
𝑥 𝑦 𝑧 
𝑟 × cos (𝛽) 𝑟 × sin (𝛽) 0 
B1 0 0.25 0 0 
B2 45 0.1768 0.1768 0 
B3 90 0 0.25 0 
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B4 135 -0.1768 0.1768 0 
B5 180 -0.25 0 0 
B6 225 -0.1768 -0.1768 0 
B7 270 0 -0.25 0 
B8 315 0 1768 -0.1768 0 
Table 2.16 explains the conversion from boundary points coordinates to linear halfspace 
coefficients. 
Table 2.16 




𝑗𝑡ℎ Coord frame 
𝑋𝑗𝑌𝑗𝑍𝑗 
Normalized boundary linear halfspace 
coefficients in 𝑗𝑡ℎ frame 𝑋𝑗𝑌𝑗𝑍𝑗  
  𝛼𝜙, 𝛼𝜓, 𝛼𝜃 𝛼Δ𝑥 𝛼Δ𝑦 𝛼Δ𝑧 −𝑏 





𝑋7𝑌7𝑍7 & 𝑋8𝑌8𝑍8 
0 1 0 0 -0.25 
B2 0 0.707 0.707 0 -0.25 
B3 0 0 1 0 -0.25 
B4 0 -0.707 0.707 0 -0.25 
B5 0 -1 0 0 -0.25 
B6 0 -0.707 -0.707 0 -0.25 
B7 0 0 -1 0 -0.25 
B8 0 0.707 -0.707 0 -0.25 
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d. Transform linear halfspaces from local control point coordinate frame to 
local feature coordinate frame using inverse kinematic transformation 
For the axis all quantities except 𝐶𝑥, 𝐶𝑦, 𝐶𝑧 , 𝛼Δ𝑥 𝛼Δ𝑦 and 𝑏 are zero, so that Eq. (11) can 













































The transformed boundary linear halfspace coefficients are listed in Table 2.17. 
Table 2.17 






Non-zero boundary linear halfspace coefficients 
transformed to 𝑖𝑡ℎ coord frame 𝑋𝑖𝑌𝑖𝑍𝑖 
𝐶𝑥 𝐶𝑦 𝐶𝑧 𝛼𝜙 𝛼𝜓 𝛼θ 𝛼Δ𝑥 𝛼Δ𝑦 −𝑏 
Fig. 2.12(b) Eq. (20) & Table 2.16 
h1 
𝑋1𝑌1𝑍1 𝑋𝐿𝑌𝐿𝑍𝐿 10 10 3 
0 3 -10 1 0 -0.25 
h2 -2.121 2.121 0 0.707 0.707 -0.25 
h3 -3 0 10 0 1 -0.25 
h4 -2.121 -2.121 14.14 -0.707 0.707 -0.25 
h5 0 -3 10 -1 0 -0.25 
h6 2.121 -2.121 0 -0.707 -0.707 -0.25 
h7 3 0 -10 0 -1 -0.25 
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h8 2.121 2.121 -14.14 0.707 -0.707 -0.25 
h9 
𝑋2𝑌2𝑍2 𝑋𝐿𝑌𝐿𝑍𝐿 10 10 -3 
0 -3 -10 1 0 -0.25 
h10 2.121 -2.121 0 0.707 0.707 -0.25 
h11 3 0 10 0 1 -0.25 
h12 2.121 2.121 14.14 -0.707 0.707 -0.25 
h13 0 3 10 -1 0 -0.25 
h14 -2.121 2.121 0 -0.707 -0.707 -0.25 
h15 -3 0 -10 0 -1 -0.25 
h16 -2.121 -2.121 -14.14 0.707 -0.707 -0.25 
h17 
𝑋3𝑌3𝑍3 𝑋𝐿𝑌𝐿𝑍𝐿 -10 10 3 
0 3 -10 1 0 -0.25 
h18 -2.121 2.121 -14.14 0.707 0.707 -0.25 
h19 -3 0 -10 0 1 -0.25 
h20 -2.121 -2.121 0 -0.707 0.707 -0.25 
h21 0 -3 10 -1 0 -0.25 
h22 2.121 -2.121 14.14 -0.707 -0.707 -0.25 
h23 3 0 10 0 -1 -0.25 
h24 2.121 2.121 0 0.707 -0.707 -0.25 
h25 
𝑋4𝑌4𝑍4 𝑋𝐿𝑌𝐿𝑍𝐿 -10 10 -3 
0 -3 -10 1 0 -0.25 
h26 2.121 -2.121 -14.14 0.707 0.707 -0.25 
h27 3 0 -10 0 1 -0.25 
h28 2.121 2.121 0 -0.707 0.707 -0.25 
h29 0 3 10 -1 0 -0.25 
h30 -2.121 2.121 14.14 -0.707 -0.707 -0.25 
h31 -3 0 10 0 -1 -0.25 
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h32 -2.121 -2.121 0 0.707 -0.707 -0.25 
h33 
𝑋5𝑌5𝑍5 𝑋𝐿𝑌𝐿𝑍𝐿 -10 -10 3 
0 3 10 1 0 -0.25 
h34 -2.121 2.121 0 0.707 0.707 -0.25 
h35 -3 0 -10 0 1 -0.25 
h36 -2.121 -2.121 -14.14 -0.707 0.707 -0.25 
h37 0 -3 -10 -1 0 -0.25 
h38 2.121 -2.121 0 -0.707 -0.707 -0.25 
h39 3 0 10 0 -1 -0.25 
h40 2.121 2.121 14.14 0.707 -0.707 -0.25 
h41 
𝑋6𝑌6𝑍6 𝑋𝐿𝑌𝐿𝑍𝐿 -10 -10 -3 
0 -3 10 1 0 -0.25 
h42 
2.121 -2.121 0 0.707 0.707 -0.25 
h43 
3 0 -10 0 1 -0.25 
h44 
2.121 2.121 -14.14 -0.707 0.707 -0.25 
h45 
0 3 -10 -1 0 -0.25 
h46 
-2.121 2.121 0 -0.707 -0.707 -0.25 
h47 
-3 0 10 0 -1 -0.25 
h48 
-2.121 -2.121 14.14 0.707 -0.707 -0.25 
h49 
𝑋7𝑌7𝑍7 𝑋𝐿𝑌𝐿𝑍𝐿 10 -10 3 
0 3 10 1 0 -0.25 
h50 -2.121 2.121 14.14 0.707 0.707 -0.25 
h51 -3 0 10 0 1 -0.25 
h52 -2.121 -2.121 0 -0.707 0.707 -0.25 
h53 0 -3 -10 -1 0 -0.25 
h54 2.121 -2.121 -14.14 -0.707 -0.707 -0.25 
h55 3 0 -10 0 -1 -0.25 
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h56 2.121 2.121 0 0.707 -0.707 -0.25 
h57 
𝑋7𝑌7𝑍7 𝑋𝐿𝑌𝐿𝑍𝐿 10 -10 -3 
0 -3 10 1 0 -0.25 
h58 2.121 -2.121 14.14 0.707 0.707 -0.25 
h59 3 0 10 0 1 -0.25 
h60 2.121 2.121 0 -0.707 0.707 -0.25 
h61 0 3 -10 -1 0 -0.25 
h62 -2.121 2.121 -14.14 -0.707 -0.707 -0.25 
h63 -3 0 -10 0 -1 -0.25 
h64 -2.121 -2.121 0 0.707 -0.707 -0.25 
 
To find linear halfspace intersection using Qhull above linear halfspaces need to be 
normalized using Eq. (13) – (16) before passing on to Qhull for processing as explained 
in Table 2.3 for Planar feature – Example 1. 
 
5) Find linear halfspace intersection 
The points of intersection of linear halfspaces with coordinate axes in the T-Map space 
can be manually computed as shown in Table 2.18. To improve the readability of the T-
Map, angular small displacements 𝜙 and 𝜓 are amplified using factor equal to 3 and 
angular small displacement 𝜃 is amplified using factor 14.14 in Table 2.18. 
The T-Map for this pattern or cluster of axes is a 5D T-Map with non-zero small 
displacements 𝜙, 𝜓, 𝜃, Δ𝑥, and Δ𝑦. 3D sections can be generated by considering any three 
of the four axes intersects from Table 2.18 at a time. Fig. 2.16(a), (b) & (c) illustrate three 
3D cross sections produced from the 5D T-Map for pattern of axes. 
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Table 2.18 





𝜙′ = 3𝜙 𝜓′ = 3𝜓 𝜃′ = 14.14𝜃 Δ𝑥 Δ𝑦 
Eq. (17) & (18) & Table 2.17 
h1 ∞ 0.25 -0.3535 0.25 0 
h2 -0.3535 0.3535 ∞ 0.3535 0.3535 
h3 -0.25 ∞ 0.3535 ∞ 0.25 
h4 -0.3535 -0.3535 0.25 -0.3535 0.3535 
h5 ∞ -0.25 0.3535 -0.25 ∞ 
h6 0.3535 -0.3535 0 -0.3535 -0.3535 
h7 0.25 ∞ -0.3535 0 -0.25 
h8 0.3535 0.3535 -0.25 0.3535 -0.3535 
h9 ∞ -0.25 -0.3535 0.25 0 
h10 0.3535 -0.3535 ∞ 0.3535 0.3535 
h11 0.25 ∞ 0.3535 ∞ 0.25 
h12 0.3535 0.3535 0.25 -0.3535 0.3535 
h13 ∞ 0.25 0.3535 -0.25 ∞ 
h14 -0.3535 0.3535 0 -0.3535 -0.3535 
h15 -0.25 ∞ -0.3535 0 -0.25 
h16 -0.3535 -0.3535 -0.25 0.3535 -0.3535 
h17 ∞ 0.25 -0.3535 0.25 0 
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h18 -0.3535 0.3535 -0.25 0.3535 0.3535 
h19 -0.25 ∞ -0.3535 ∞ 0.25 
h20 -0.3535 -0.3535 0 -0.3535 0.3535 
h21 ∞ -0.25 0.3535 -0.25 ∞ 
h22 0.3535 -0.3535 0.25 -0.3535 -0.3535 
h23 0.25 ∞ 0.3535 0 -0.25 
h24 0.3535 0.3535 0 0.3535 -0.3535 
h25 ∞ -0.25 -0.3535 0.25 0 
h26 0.3535 -0.3535 -0.25 0.3535 0.3535 
h27 0.25 ∞ -0.3535 ∞ 0.25 
h28 0.3535 0.3535 0 -0.3535 0.3535 
h29 ∞ 0.25 0.3535 -0.25 ∞ 
h30 -0.3535 0.3535 0.25 -0.3535 -0.3535 
h31 -0.25 ∞ 0.3535 0 -0.25 
h32 -0.3535 -0.3535 0 0.3535 -0.3535 
h33 ∞ 0.25 0.3535 0.25 0 
h34 -0.3535 0.3535 0 0.3535 0.3535 
h35 -0.25 ∞ -0.3535 ∞ 0.25 
h36 -0.3535 -0.3535 -0.25 -0.3535 0.3535 
h37 ∞ -0.25 -0.3535 -0.25 ∞ 
h38 0.3535 -0.3535 0 -0.3535 -0.3535 
h39 0.25 ∞ 0.3535 0 -0.25 
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h40 0.3535 0.3535 0.25 0.3535 -0.3535 
h41 ∞ -0.25 0.3535 0.25 0 
h42 0.3535 -0.3535 0 0.3535 0.3535 
h43 0.25 ∞ -0.3535 ∞ 0.25 
h44 0.3535 0.3535 -0.25 -0.3535 0.3535 
h45 ∞ 0.25 -0.3535 -0.25 ∞ 
h46 -0.3535 0.3535 0 -0.3535 -0.3535 
h47 -0.25 ∞ 0.3535 0 -0.25 
h48 -0.3535 -0.3535 0.25 0.3535 -0.3535 
h49 ∞ 0.25 0.3535 0.25 0 
h50 -0.3535 0.3535 0.25 0.3535 0.3535 
h51 -0.25 ∞ 0.3535 ∞ 0.25 
h52 -0.3535 -0.3535 0 -0.3535 0.3535 
h53 ∞ -0.25 -0.3535 -0.25 ∞ 
h54 0.3535 -0.3535 -0.25 -0.3535 -0.3535 
h55 0.25 ∞ -0.3535 0 -0.25 
h56 0.3535 0.3535 0 0.3535 -0.3535 
h57 ∞ -0.25 0.3535 0.25 0 
h58 0.3535 -0.3535 0.25 0.3535 0.3535 
h59 0.25 ∞ 0.3535 ∞ 0.25 
h60 0.3535 0.3535 0 -0.3535 0.3535 
h61 ∞ 0.25 -0.3535 -0.25 ∞ 
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h62 -0.3535 0.3535 -0.25 -0.3535 -0.3535 
h63 -0.25 ∞ -0.3535 0 -0.25 
h64 -0.3535 -0.3535 0 0.3535 -0.3535 
 
Same T-Map as shown in Fig. 2.16 represents manufacturing variations in pattern of pins 
if pattern of holes in Fig. 2.14 is replace with the pattern of pins, with all other 
specifications the same. Part level T-Map to represent variations in one part with respect 
to another, when the two parts are assembled through patterns of pins and holes, depends 
on the type of contact between the two parts. If the contact is such that engaging patterns 
of pins and holes control rotation about 𝑧 axis but not rotation about 𝑥 and 𝑦, the T-Map 
is a 3D T-Map as shown in Fig. 2.16 (c) [27]. 
 
 
Fig. 2.16 Cylindrical Feature - Example 1 – (a) T-Map Section at 𝜓 = 0 (b) T-Map 
Section at 𝜙 = 0 
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2.5 Application to Sheet Metal Profile 
Eqs. (2) & (11) can be combined together to get an expression as shown in Eq. (21) 
which represents transformed linear halfspace coefficients directly in terms of 
displacement vector [𝐶𝑥 𝐶𝑦 𝐶𝑧] and boundary point coordinates (𝑥 𝑦 𝑧). Eq. (21) 
is general and it can be used for all the features when rotation matrix is the identity 





























−𝐶𝑧 × 𝑦 + 𝐶𝑦 × 𝑥
𝐶𝑧 × 𝑥 − 𝐶𝑥 × 𝑧












The linear halfspace coefficients in equation (21) if to be used with Qhull [26] to find 
intersection should be normalized using equations (13), (14), (15) and (16) [21]. 
Points of intersection of the linear halfspaces with small displacement coordinate axes 
can be computed using equations (17) and (18). 
Fig. 2.17(a) shows details of a sheet metal profile with profile tolerance of 1 unit as 
shown. Yiefi’s approach to treat a profile as cluster of lines is used to represent the hat 
shaped profile as cluster of 5 lines with individual tolerance zones highlighted with green 
shaded regions as shown in Fig. 2.17(a). Using points approach to model T-Map, each 
line is further represented as two points. Since there are shared points between two lines 
the whole profile can be represented as shown in Fig. 2.17(b) using 6 control points. 
Vector representing coordinates of a control point in local feature coordinate frame 
𝑋𝐿𝑌𝐿𝑍𝐿 is the displacement vector 𝐶̅ for that specific control point. Boundary point 
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coordinates for each control point are given in Fig. 2.17(c), (d) & (e). There are 4 
boundary points each defining boundaries for 𝐶𝑃2, 𝐶𝑃3, 𝐶𝑃4 & 𝐶𝑃5. 
 
 
Fig. 2.17 Line Profile (a) Profile Details with Highlighted Tolerance Zone (b) Control 
Points and Their Boundaries (c) Boundary Points for 𝐶𝑃2 & 𝐶𝑃3 (d) Boundary Points for 
𝐶𝑃4 & 𝐶𝑃5 (e) Boundary Points for 𝐶𝑃1 & 𝐶𝑃6 
 
Each boundary point is transformed and represented as a linear halfspace using equation 
(21). Intersection of the linear halfspaces i.e. T-Map for line profile is a 3D T-Map with 
non-zero small displacements 𝜓, Δy and Δz as illustrated in Fig. 2.18(a). Small 
displacement 𝜃 is amplified using factor of 65 which is half the horizontal length of 
profile. 
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Fig. 2.18 Line Profile (a) T-Map for The Profile (b) Line Profile Variations 
 
Points on the boundary of the T-Map and corresponding profile positions within the 
tolerance zone are illustrated in Fig. 2.18(b). 
If line profile is replaced by a surface profile in Fig. 2.17(a), instead of 6 control points 
these would be 12. Six control points will have a positive 𝑥 component in displacement 
vector 𝐶̅ and remaining six will have negative 𝑥 component in the displacement vector 
equal to half the depth of profile. Remaining procedure remains same. T-Map for surface 
profile if generated is a 5D T-Map with non-zero small displacements 𝜙, 𝜓, 𝜃, Δy and Δz.  
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CHAPTER 3 
TOLERANCE SENSITIVITY ANALYSIS USING T-MAPS 
When two or more parts are assembled together, manufacturing variations in parts stack 
up and cause variations in assembly level dimensions. A tolerance scheme for a particular 
part defines amount of allowable variations amongst its features such as faces, holes, 
patterns and profiles. Geometric variations in a feature within its tolerance zone can be 
decomposed into six components, the six small displacement (SDT) coordinates 𝜑, 𝜓, 𝜃, 
𝑥, 𝑦 and 𝑧. T-Maps are mathematical models developed at ASU to accurately 
represent these geometric variations. 
3.1 Introduction 
Variations get transferred from one part to another part through contacting features. But it 
is not necessary that all the variations in a feature in one part get transferred to another 
part through mating features. It is possible with T-Maps, to eliminate, out of six, the 
variations which do not get transferred from one part to another retaining the others. 
Variation in To-Be-Analyzed assembly level dimension may be affected simultaneously 
by different features in different stack paths. One of the plus points of T-Maps is that they 
consider all the variation contributors in an assembly simultaneously [12], instead of 
processing features separately in each stack. Conventional tolerance analysis methods, 
such as 1D and 2D charts [13], evaluate stack loops and each stack loop is evaluated 
separately. This results in the same or a smaller evaluated variation range than T-Maps 
for an assembly level dimension being analyzed. 
Depending upon location of features in assembly with respect to To-Be-Analyzed 
dimension, a T-Map analysis may amplify the amount of variation contributed from the 
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features by some factor which is non-unity. This factor is called sensitivity in further 
discussions. Because in general the coordinates of a T-Map are for a small displacement 
torsor (SDT) [14], it is possible to use the kinematic transformation technique, as 
described in [15] for screws, to evaluate the amplification factor associated with each 
tolerance on a feature. 
Tolerance analysis by simply adding tolerance values associated with features in stack 
loop may not always produce accurate results. Considering all above points, it is evident 
that some amplification factor, sensitivity, is associated with every tolerance value. The 
total variations in To-Be-Analyzed dimension can be expressed as sum of multiplications 
of tolerance values and respective sensitivities. Every single tolerance may it be size, 
form, location, orientation or runout on drawing has a sensitivity value associated with it. 
A sensitivity may come out to be any non-negative number including zero. The equation 
to express variation in To-Be-Analyzed dimension with respect to Tolerances and 







   ,   𝑤ℎ𝑒𝑟𝑒  𝑇𝑓𝑖 = ∑𝑡𝑖𝑗  𝑆𝑖𝑗 
𝑙
𝑗=1
 𝑎𝑛𝑑 𝐶𝑓𝑖 = 𝐶𝑖 𝑆𝑐𝑖 (1) 
Where 
𝑇𝑓  = Total variation of the To-Be-Analyzed dimension 
𝑇𝑓𝑖 = Part of variation 𝑇𝑓 contributed by 𝑖
𝑡ℎ feature where (1 < 𝑖 < 𝑛 ) 
𝑛   =Number of features contributing to the total variations 
𝑡𝑖𝑗 = Tolerance values associated with 𝑖
𝑡ℎ feature where (1 < 𝑖 < 𝑙 ) 
𝑙   = Number of tolerances associated with 𝑖𝑡ℎ feature 
𝑆𝑖𝑗 = Sensitivity of tolerance 𝑡𝑖𝑗 
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𝐶𝑓𝑖 = Part of variation 𝑇𝑓 contributed from 𝑖
𝑡ℎ clearance where (1 < 𝑖 < 𝑚 ) 
𝐶𝑖   = Clearance value of 𝑖
𝑡ℎ clearance where (1 < 𝑖 < 𝑚 ) 
𝑚   =Number of non-zero positive clearances at virtual conditions of mating features 
𝑆𝑐𝑖 = Sensitivity of tolerance 𝐶𝑖 
If the probability distribution function for variation in feature within its tolerance zone is 
known, pdf convolution principles can be used with above equation to find probability 
distribution function for dependent functional tolerance. Assuming normal distribution 
function for all the random variables, principles for weighted sums of normally 
distributed independent random variables as described in [16] can be used to evaluate 
distribution function for dependent functional tolerance. 
Three examples are discussed in detail to explain sensitivity analysis and statistical 
tolerance analysis using T-Maps. 
3.2 Example 1 
Consider a simple assembly as illustrated in Fig. 3.1(b) of three square blocks, each 
manufactured to the specifications in Fig. 3.1(a). The blocks are stacked vertically, one 
on top of another such that side faces are in alignment with each other. Each block is 
manufactured such that variation specified by size tolerance over height ℎ is limited 
to ± 𝑡/2. The total vertical height of the stack from bottom plane of block 1 to topmost 
point in top plane of block 3 is to be analyzed. Variations in the cross section 𝑎 𝑥 𝑎 has 
second and higher order effect on variation in To-Be-Analyzed dimension and hence is 
ignored. 
The To-Be-Analyzed dimension is the assembly level dimension whose variation is To-
Be-Analyzed. Two features associated with To-Be-Analyzed dimension are called target 
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features. One of the target features, say Target-Feature-1, is assumed to be datum or 
reference 0. 
 
Fig. 3.1 (a) Example 1 - Part Details, (b) Example 1 – Assembly, (c) Example 1 – 
Exploded Assembly 
 
Total variation in Target-Feature-2 with respect to Target-Feature-1 is evaluated by 
taking into account feature level manufacturing variations. A coordinate frame is needed 
to measure these variations. It is set up at nominal location of Target-Feature-2 as shown 
in Fig. 3.1(b). Target-Feature-1 is invariant in the global coordinate frame. 
1) Example 1 - Variation contributors 
All the features which some way or other are connected to both Target-Feature-1 as well 
as Target-Feature-2 may contribute to variations in To-Be-Analyzed dimension and are 
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considered for analysis. The best way to identify all such connected features is to figure 
out all parallel stack paths from Target-Feature-1 to Target-Feature-2 based on part 
tolerance schemes and assembly constraints and evaluate the contribution from each 
feature one by one using T-Maps and kinematic transformations. 
Considering Fig. 3.1, allowable variation between top plane and bottom plane for a single 
block as per Fig. 3.1(a) is controlled by size tolerance. It can be said that if the bottom 
plane is fixed, allowable variation in the top plane is equal to the size tolerance and vice 
versa if the top plane is fixed. Size tolerance is connection between top plane and bottom 
plane of every individual block viz. block 1, block 2 and block 3. Further the top plane of 
block 1 is constrained to be in contact with bottom plane of block 2 which is right on the 
top of it as shown in Fig. 3.1(b). Similar is the constraint between block 2 and block 3. 
Mating contact is linkage between top plane of block 1 and bottom plane of block 2 as 
well as top plane of block 2 and bottom plane of block 3. 
 
Fig. 3.2 (a) Tolerance Zones for Variation Contributors (b) Functional Tolerance Zone 
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Stack path so formed with six features is evaluated based on tolerance schemes used on 
part level drawings and assembly constraints is explained in Fig. 3.1(c). 
Out of all features in stack path, all the top planes which have size tolerance 
specifications are the ones which should be considered for further analysis. Bottom 
planes are the features without any tolerance specifications on them. These are in the 
stack path because these are contact faces to transfer variations from one part to other and 
are datums for manufacturing top planes. The T-Maps are to be generated for features 
with tolerances and hence is generated only for three top faces in example 1 which are 
further referred as variation contributors. A local coordinate frame is set up at the center 
of the area for each of these three planes at their nominal positions. Axes of local 
coordinate frames are chosen such that the z axis is normal to each nominal plane as 
shown in Fig. 3.2(a).  
Fig. 3.2(a) also explains nominal locations and tolerance zones for variation contributors. 
Three variation contributors are labeled with numbers from 1 to 3. 
Fig. 3.2(b) shows nominal location of Target-Feature-2 in the global coordinate frame. 
Target-Feature-2 will lie within zone of thickness 𝑇𝑓 because of tolerance accumulation 
from three variation contributors. This zone is referred as function tolerance zone of 
Target-Feature-2 and for the whole stack. The aim of the analysis is to evaluate relations 
between total variation 𝑇𝑓 at Target-Feature-2 and individual tolerance values viz 
𝑡1, 𝑡2𝑎𝑛𝑑 𝑡3 associated with variation contributors shown in Fig. 3.2(a). Since three 
blocks are manufactured using specifications in Fig. 3.1(a) tolerance values 𝑡1, 𝑡2𝑎𝑛𝑑 𝑡3 
each is equal to 𝑡. 
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One confusing thing better to be clarified is, Target-Feature-2 and variation contributor 
Labeled with number 3 are not two different features. Top plane of topmost block is 
referred as variation contributor when part level manufacturing variation is to be 
considered. It is referred as Target-Feature-2 when assembly level variation of top plane 
with respect to bottom plane is under discussion.  
2) Example 1 - Variables 
The variation of any feature within its tolerance zone is measured from its nominal 
location is called over here as variable. Tolerance values associated with variation 
contributors define the limit to which these variables can vary. Table 3.1 lists variables 
for Example 1. 
Table 3.1 - Example-1 Tolerance Details for Features Contributing Variation 
Label No. Feature type Tolerance type Variable Name Tolerance 
Value 
1 Plane Size 𝑡1 𝑡 
2 Plane Size 𝑡2 𝑡 
3 Plane Size 𝑡3 𝑡 
 
3) Example 1 - T-Map and kinematic transformation 
A T-Map is a geometric shape with potentially six small displacement coordinates which 
captures all possible displacements of the perfect-form feature in the tolerance zone. The 
T-Map for a planar feature is a three dimensional solid with SDT coordinates 
𝜙, 𝜓 and Δ𝑧 [17], the T-Map for an axial feature is a 4 dimensional hyper solid with SDT 
coordinates 𝜙, 𝜓, Δ𝑥 and Δ𝑦 [17] and for the patterns of holes it is a 5 dimensional hyper 
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solid with SDT coordinates 𝜙,𝜓, 𝜃, Δ𝑥 and Δ𝑦 [18]. The T-Map constructed by 
transforming linear halfspaces from control point coordinate frame to local coordinate 
frame of feature, as explained in detail in Chpater 2, is called the local T-Map of a 
feature. When it is transformed from local coordinate frame of feature to coordinate 
frame of Target-Feature using the kinematic transformation [15], it is called the global T-
Map for that feature. As an example, the T-Map in Fig. 3.3, is for the square faces of 
Block 1, 2 and 3 of Fig. 3.1 and 3.2. 
The shape of a local T-Map exclusively depends on two geometric entities, the nominal 
geometry of feature and its tolerance zone. 
This is the geometry of feature manufactured such a way that it exactly matches with 
dimensions specified on drawing and hence variation from nominal location is zero. All 
the three variation contributors, shown in Fig. 3.2(a) and discussed in section 3.2-1), have 
identical nominal squared shaped geometry of dimensions 𝑎 x a. Every tolerance zone for 
all three variation contributors is a right square prism of side 𝑎 and height 𝑡. 
 
Fig. 3.3 Example 1 – Local and Global T-Map, 𝑉1𝑉2 = 𝑉3𝑉4 = 𝑉5𝑉6 =  𝑡 
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Since the nominal feature geometry and tolerance zone geometry for all three 
contributors in Fig. 3.2 are the same, the local T-Map for each feature in its respective 
local coordinate frame has same shape and size as illustrated in Fig. 3.3. 
Nonzero small SDT coordinates 𝜙,𝜓 and Δz for six vertices of T-Map shown in Fig. 3.3 
are given in Table 3.2. The characteristic length of 𝑎/2 is used to scale up all the angular 
coordinates. Rest 3 SDT coordinates  𝜃, Δ𝑥 and Δy are equal to zero. 
Table 3.2 Example-1 List of T-Map Vertices 
 𝜙′ 𝜓′ Δz  𝜃, Δ𝑥 and Δy 
V1 0 0 t/2 0 
V2 0 0 -t/2 0 
V3 t/2 0 0 0 
V4 -t/2 0 0 0 
V5 0 t/2 0 0 
V6 0 -t/2 0 0 
 
The local T-Map captures variations for the manufactured feature within its tolerance 
zone. This local T-Map when transformed to the coordinate frame of the Target-Feature 
(global coordinate frame) using kinematic transformation, gives effective variations at the 
Target-Feature which arise from local variations in the feature at which T-Map is 
generated. 
Kinematic transformation for small displacement coordinates is given as described in 
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where 𝐶𝑥, 𝐶𝑦 and 𝐶𝑧 are components of displacement vector 𝐶 illustrated for variation 
contributors 1, 2 and 3 in Fig. 3.4(a), (b) and (c) respectively. 
Table 3.3 shows displacement vectors and transformation matrices for each variation 
contributor. Since all local coordinate frames exactly align with global coordinate frame, 
the rotation matrix 𝑅 in this example is a 3 x 3 identity matrix. 




[𝐶𝑥 𝐶𝑦 𝐶𝑧] 
Transformation 
1 [0 0 −2ℎ] 



























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 2ℎ 0 1 0 0
−2ℎ 0 0 0 1 0









































2 [0 0 −ℎ] 



























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 ℎ 0 1 0 0
−ℎ 0 0 0 1 0
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3 [0 0 0] 
As per Fig. 3.4(c) 




























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0










































For the example 1, all local to global transformations are identity i.e the shape of T-Map 
does not change when transformed from local coordinate frame to global coordinate 
frame. 
 
Fig. 3.4 (a)  𝐶𝑔1−1 Vector for Feature-1 (b) 𝐶𝑔1−2 Vector for Feature-2 (c) 𝐶𝑔1−3 Vector 
for Feature-3 is 0 
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When the transformation is identity and geometries of the features are the same for one 
whose T-Map is transformed and another which is target, resulting sensitivity value is 
unity. It means that variations in contributors do not get amplified. No further 
calculations are necessary. The equation for statistical analysis for example one can be 
expressed as 
𝑇𝑓 = 𝑇𝑓1 + 𝑇𝑓2 + 𝑇𝑓3 (3) 
Where, 
𝑇𝑓1 = 𝑆1x 𝑡1 = 𝑡1 ⇨ 𝑆1 = 1 (4) 
𝑇𝑓1 = 𝑆1x 𝑡1 = 𝑡1 ⇨ 𝑆1 = 1 (5) 
𝑇𝑓3 = 𝑆3x 𝑡3 = 𝑡3 ⇨ 𝑆3 = 1 (6) 
Hence, 
𝑇𝑓 = 𝑡1 + 𝑡2 + 𝑡3 (7) 
 
Example 1 is a very simple example in which the tolerance scheme is limited to size 
tolerances, transformations which do not shear T-Maps, and there is a single stack path. 
The Table 3.4 gives comparison between statistical analysis results obtained using T-Map 
and 1D charts for Example 1. 
Example 2 explained further, is selected to explain analysis procedure for two parallel 
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Table 3.4 Example-1 Results Comparison Between T-Maps and 1D-Charts 
 T-Map results 1D chart results 
Governing 
equation 
𝑇𝑓 = 𝑡1 + 𝑡2 + 𝑡3 𝑇𝑓 = 𝑡1 + 𝑡2 + 𝑡3 
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3.3 Example 2 
Consider the assembly of two parts as shown in Fig. 3.5. Details of Part 1 and Part 2 are 
shown in Fig. 3.6(a) and Fig. 3.6(b) respectively. As shown in Fig. 3.5 dimension 𝐷1 is 
To-Be-Analyzed dimension which is distance between a side face of Part 1, treated as 
datum or reference for making measurements, and a cylindrical feature in Part 2. 
Direction of control for this analysis is y as shown in Fig. 3.5. 
 
 
Fig. 3.5 Example 2 – Assembly 
 
1) Example 2 – Variation Contributors 
As explained earlier, all features connected to both the target features may actively 
contribute towards variations in To-Be-Analyzed dimension. When all stack paths 
connecting Target-Feature-1 to Target-Feature-2 are identified, all the features which are 
part of at least one stack path are evaluated one by one. Refer Fig. 3.7, feature labeled 
with number 1 is Target-Feature-1. Feature labeled with number 6 is Target-Feature-2. 
Global coordinate frame is set up at center point of nominal location of axis of Target-
Feature-2 as shown in Fig. 3.7. 
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Fig. 3.6 (a) Example 2 - Part 1 Details (b) Example 2 - Part 2 Details 
 
There are two stack paths between Target-Feature-1 and 2 and these are illustrated 
graphically in Fig. 3.8. One goes through the planar face to face contact between part 1 to 
part 2 and the other goes though the axial pin and hole contact between part 1 and part 2. 
Features in Fig. 3.8 are the features in stack loop. Referring to Fig. 3.6, Fig. 3.7 and Fig. 
3.8 together, the two stacks identified are as below. 
Stack Path 1 – Pin Hole contact 
Feature-1 which is Target-Feature-1 is tertiary datum for position of Feature-2. Feature-2 
and Feature-3 are axial features forming pin and hole contact. Feature-4 and Feature-5 are 
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datum for position of Feature-3 as well as Feature-6 connecting the two axial features. 
The corresponding direction of control is the 𝑌𝑔2 direction at 𝑋𝑔2 𝑌𝑔2 𝑍𝑔2. 
 
 
Fig. 3.7 Example 2 - Analysis Setup 
 
Stack Path 2 – Face to Face contact 
Feature 1 and Feature-9 are invariant with respect to each other because both are 
grounded. Feature-9 and Feature-8 are connected by size tolerance. Feature-8 is in 
contact with Feature-7. Feature-5 is datum for Feature-7 as well as Feature-6. The 
corresponding direction of control even in this loop is the 𝑌𝑔2 direction at 𝑋𝑔2 𝑌𝑔2 𝑍𝑔2. 
Both the loops are well illustrated in Fig. 3.8. Noncontributing datum features are 
identified with an X. T-Map may or may not be generated for features in stack loops 
depending upon whether a feature acts as a datum or is a variation contributor. 
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Fig. 3.8 Example 2 - Stack Paths Between Target-Feature-1 and 2 
 
Feature 1 and Feature-9 in Part 1, Feature-5 and Feature-4 in Part 2 are excluded from 
analysis because these features act as datum. These features are crossed out in Fig. 3.8. 
For rest of the features local coordinate frames are set up as shown in Fig. 3.7. 
2) Example 2 - Variables 
The quantities which can vary are called variables in statistics. Table 3.5 lists the 
variables for example 2. 
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Table 3.5 - Example-2 Tolerance Details for Features Contributing Variation 




























8 Planar Size 𝑡81 0.2 
 
All the tolerance values in Table 5 are highlighted in Fig. 3.6. 
Apart from manufacturing variations in feature, available clearances also contribute to 
variation in dimensions. Minimum values of clearances between engaged features, when 
features are at respective virtual conditions, act as deterministic quantities. Assuming 
parts are manufactured at virtual condition, variation in assembly dimensions is sole 
function of available clearances. It is generally referred to as minimum play. Minimum 
play at virtual condition is deterministic contributor because it is going to be always 
present in assembly. Table 3.6 lists clearances between engaged features, when feature 
are manufactured at respective virtual conditions, to be considered in analysis. 
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Table 3.6 - Example-2 Clearance Details for Features Contributing Variation 
Feature No. Clearance type Variable Name Clearance Value 
2-3 Cylindrical 𝐶1 (MMC hole – hole position tol) - 
(MMC pin + pin position tol) 
= ((15.6-0.1) – (15.1+0.1) 
=0.3 
 
As can be seen, there is a total of 10 variables which may cause variations in To-Be-
Analyzed dimension. The major advantage of T-Maps is that all these variations are 
analyzed together and correlation between tolerances and dimensions are considered. 
3) Example 2 - T-Map and kinematic transformation 
In this step, each variation contributor is evaluated one by one. A set of steps are 
followed as listed below. 
i) Generate the Local T-Map 
ii) Eliminate unnecessary small displacements 
iii) Generate the Global T-Map 
iv) Fit Functional Size T-Map over Global T-Map 
v) Evaluate sensitivity of each variable associated with feature 
Feature-2 
It is an axis of the hole as shown in Fig. 3.9 with size tolerance ± 𝜏/2 = ±0.1 as well as 
position tolerance of ± 𝑡/2 = 0.1 as specified in Fig. 3.6(a). Variable 𝑡21 is a quantity 
used to express variation of Feature-2 in its size tolerance zone and variable 𝑡22is used to 
express variation in Feature-2 within its position tolerance zone. 
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Fig. 3.9 Example 2 – Feature-2 Coordinate Frame Setup 
 
i) Generate the Local T-Map 
Since Feature-2 is an axial feature, it has a 4D T-Map that captures tilt 𝜑 about the x axis 
and tilt 𝜓 about the y axis, translation 𝑥 along the x axis and translation 𝑦 along the y 
axis in coordinate frame 𝑋2 𝑌2 𝑍2. Fig. 3.10(a) & (b) illustrate two sections of the T-Map 
for Feature-2 at 𝜓 = 0 and at 𝜙 = 0 in coordinate frame 𝑋2 𝑌2 𝑍2 respectively before 
transformation and before eliminating any small displacements. 
ii) Eliminate unnecessary small displacements 
Feature-2 itself is a feature in contact with other part. Assuming the pin hole fit design to 
have positive clearance at all times, 𝑥 and  𝑦 are the small displacements that can be 
transferred from Part 1 to Part 2 through this contact. Therefore, though T-Map for 
Feature-2 is a 4D T-Map with 𝜙, 𝜓,𝑥 and 𝑦 coordinates only 𝑥 and  𝑦 are 
considered for further analysis. Rest two small displacements viz. 𝜙 and 𝜓 are to be 
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ignored or eliminated. Local T-Map after elimination is 2D circle of radius 𝑡/2 in 
 𝑥 − 𝑦 plane as shown in Fig. 3.10(c). 
 
 
Fig. 3.10 (a) Example -1 Feature -2 Local T-Map Section at 𝜓 = 0, (b) Example -1 
Feature -2 Local T-Map Section at𝜙 = 0, (c) Example -1 Feature -2 Local T-Map after 
Eliminating Unnecessary Small Displacements & Global T-Map 
 
iii) Generate the Global T-Map 
Following are the vectors and matrices needed to transform small displacement 
coordinates from local coordinate frame  𝑋2 𝑌2 𝑍2 to the global coordinate 
frame 𝑋𝑔2 𝑌𝑔2 𝑍𝑔2 
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Displacement Vector, 
𝐶𝑔2−2 =  [𝐶𝑥 𝐶𝑦 𝐶𝑧]𝑔2−2 = [0 −100 −87.5] (8) 











































1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 −𝐶𝑧 𝐶𝑦 1 0 0
𝐶𝑧 0 −𝐶𝑥 0 1 0



























All the coordinates except 𝑥 and 𝑦 in local T-Map do not contribute to the direction of 


























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 −𝐶𝑧 𝐶𝑦 1 0 0
𝐶𝑧 0 −𝐶𝑥 0 1 0












































































The kinematic transformation does not change vertex coordinates. The Global T-Map is 
the same as the Local T-Map after elimination as shown in Fig. 3.13(c). 
iv) Fitting Functional Size T-Map 
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Fig. 3.11 Example – 2 Feature – 1 Functional Size T-Map Fitting 
 
Fig. 3.11(a) & (b) illustrates 3D cross sections at 𝜓 = 0 and 𝜙 = 0 of 4D Functional size 
T-Map for Target-Feature-2 fitted over global T-Map generated for Feature-2 as shown in 
Fig. 3.13(c). Value of  𝑇𝑓2computed using incremental T-Map fitting algorithm comes out 
to be 0.2. It is linear sum of size tolerance and position tolerance on Feature-2. 
v) Evaluate sensitivity of each tolerance 
As can be seen, limiting size variation of  ±0.1 and limiting position variation of 0.1 in 
Feature-2 induces total limiting variation of 0.3 at Target-Feature-2. 𝑇𝑓2 is linear sum of 
two variable 𝑡21and 𝑡22. Hence sensitivities for both the variables are unity. 
 𝑆21 = 𝑆22 = 1 (14) 
𝑇𝑓2 = 𝑡21 𝑆21 + 𝑡22 𝑆22 = 𝑡21 + 𝑡22 (15) 
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Feature-3 
It is an axis of the pin as shown in Fig. 3.9 with size tolerance ± 𝜏/2 = ±0.1 as well as 
position tolerance of ± 𝑡/2 = 0.1 as specified in Fig. 3.6(b). Variable 𝑡31 is a quantity 
used to express variation of Feature-3 in its size tolerance zone and variable 𝑡32is used to 
express variation in Feature-3 within its position tolerance zone. 
Feature-2 and 3 share local coordinate frame 𝑋2 𝑌2 𝑍2, which results in same local to 
global kinematic transformation for the both. Since both are axial features with similar 
tolerance schemes, have exactly same exactly same effect on variation at Target-Feature-
2. Thus sensitivity equation for Feature-3 is given as, 
𝑆31 = 𝑆32 = 1 (16) 
𝑇𝑓3 = 𝑡31 𝑆31 + 𝑡32 𝑆32 = 𝑡31 + 𝑡32 (17) 
Clearance between Feature-2 and 3 
It is an axial clearance between the pin and hole when both are manufactured at virtual 
conditions. Coordinate frame setup is same as shown Fig. 3.9. It can be treated as size 
tolerance over axial feature of length equal to engaged length of pin and hole with 
± 𝜏/2 = 0.3 as derived from part specifications in Fig. 3.6(a) and 6(b). Variable 𝐶1 is a 
quantity used to express possible positional variation of pin Feature-2 in hole Feature-3 
when both are engaged. 
The local T-Map is T-Map for axial feature. Only two small displacements 𝑥 and 𝑦 
contribute to variation at Traget-Feature-2. Kinematic transformation is identity  which is 
the same as for Feature-2. Thus sensitivity of this clearance at virtual condition pin and 
hole is unit. Sensitivity equation can be formed as below. 
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𝑆𝑐1 = 1 (18) 
𝑇𝑓𝑐1 = 𝐶1 𝑆𝑐1 = 𝐶1 (19) 
Feature-6 
 
Fig. 3.12 Example 2 – Feature-6 Coordinate Frame Setup 
 
Feature-6 is the axial feature which is Target-Feature-2 itself as shown in Fig. 3.12. The 
size tolerance specified is ± 𝜏/2 = 0.1 and the position tolerance is ± 𝑡/2 = 0.1 as 
specified in Fig. 3.6(b). Variable 𝑡61 is a quantity used to express variation of Feature-6 
in its size tolerance zone and variable 𝑡62 is used to express variation of Feature-2 within 
its position tolerance zone. 
i) Generate the Local T-Map 
Since Feature-6 is an axial feature, it has a 4D T-Map that captures tilt 𝜙 about the x axis 
and tilt 𝜓 about the y axis, translation 𝑥 along the x axis and translation 𝑦 along the y 
axis in coordinate frame 𝑋𝑔2 𝑌𝑔2 𝑍𝑔2. Fig. 3.13(a) & (b) illustrate two sections of the T-
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Map for Feature-2 at 𝜓 = 0 and at 𝜙 = 0 in coordinate frame 𝑋𝑔2 𝑌𝑔2 𝑍𝑔2 respectively 
before transformation and before eliminating any small displacements. 
ii) Eliminate unnecessary small displacements 
 
Fig. 3.13 (a) Example -2 Feature -6 Local T-Map Section at 𝜓 = 0, (b) Example -2 
Feature -6 Local T-Map Section at 𝜙 = 0 
 
Feature-6 being Target-Feature-2, none of the small displacements is eliminated i.e. all 4 
small displacements 𝜙,𝜓,𝑥 and 𝑦 are retained for further analysis. The T-Map for the 
Feature-6 before and after elimination is the same as shown in Fig. 3.13(a) & (b). 
iii) Generate the Global T-Map 
The local to global kinematic transformation is identity because local coordinate frame of 
Feature-6 is coordinate frame 𝑋𝑔2 𝑌𝑔2 𝑍𝑔2. Hence Global T-Map is the same as local T-
Map as shown in Fig. 3.13(a) and (b).  
iv) Fitting Functional Size T-Map 
Fig. 3.14 illustrates 3D cross sections at 𝜓 = 0 and 𝜙 = 0 of 4D Functional size T-Map 
fitted over the T-Map generated for Feature-6. Value of  𝑇𝑓6 computed using incremental 
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T-Map fitting algorithm is 0.2. Similar to Feature-2 and Feature-3, even for Feature-6 it is 
linear sum of size tolerance and position tolerance values. 
 
Fig. 3.14 Example – 2 Feature – 6 Functional Size T-Map Fitting 
 
v) Evaluate sensitivity of each tolerance 
As can be seen, limiting size variation of  ±0.1 and limiting position variation of 0.1 in 
Feature-6 induces total limiting variation of 0.3 at Target-Feature-2. 𝑇𝑓6 is linear sum of 
two variable 𝑇61 and 𝑇62. Hence sensitivities for both the variables are equal to unity. 
 𝑆61 = 𝑆62 = 1 (20) 
𝑇𝑓6 = 𝑡61 𝑆61 + 𝑡62 𝑆62 = 𝑡61 + 𝑡62 (21) 
Feature-7 
It is a circular planar feature as shown in Fig. 3.15 with size tolerance ± 𝜏/2 = ±1 as 
well as orientation tolerance of ± 𝑡/2 = 0.2 as specified in Fig. 3.6(b). Variable 𝑡71 is a 
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quantity used to express variation of Feature-7 in its size tolerance zone and variable 
𝑡72 is used to express variation of Feature-7 within its orientation tolerance zone. 
 
 
Fig. 3.15 Example 2 – Feature-7 Coordinate Frame Setup 
 
i) Generate the Local T-Map 
Feature-7 being a planar feature has a 3D T-Map that captures tilt 𝜙 about the x axis, 
tilt 𝜓 about the y axis and translation 𝑧 along z axis in coordinate frame 𝑋3 𝑌3 𝑍3. Fig. 
3.16(a) illustrates the T-Map for Feature-7 in coordinate frame 𝑋3 𝑌3 𝑍3 before 
transformation and before eliminating any small displacements. 
ii) Eliminate unnecessary small displacements 
T-Map for Feature-7 is a 3D T-Map with small displacements 𝜙,𝜓 and 𝑧. Any variation 
in 𝑧 do not cause variations in To-Be-Analyzed dimension. And hence is eliminated. T-
map for Feature-7 after eliminating 𝑧 is a circle in 𝜙 − 𝜓 as shown. 
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Fig. 3.16 (a) Example -2 Feature -7 Local T-Map (b) Example -2 Feature -7 3D Section 
at 𝜓 = 0 of Functional Map Fitted Over Global T-Map (c) Example -2 Feature -7 3D 
Section at 𝜙 = 0 of Functional Map Fitted over Global T-Map 
 
iii) Generate the Global T-Map 
Following are the vectors and matrices needed to transform small displacement 
coordinates from local coordinate frame  𝑋3 𝑌3 𝑍3 to global coordinate frame 𝑋𝑔2 𝑌𝑔2 𝑍𝑔2 
Displacement Vector, 
𝐶𝑔2−3 =  [𝐶𝑥 𝐶𝑦 𝐶𝑧]𝑔2−3 = [0 −100 −62.5] (22) 













































1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 −𝐶𝑧 𝐶𝑦 1 0 0
𝐶𝑧 0 −𝐶𝑥 0 1 0



























Small displacements 𝜃,𝑥,𝑦 and 𝑧 in local T-Map do not contribute to the direction of 


























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 62.5 −100 1 0 0
−62.5 0 0 0 1 0

































































  (27) 
This particular kinematic transformation adds three small displacements  𝑥,𝑦 and  𝑧 
to the Global T-Map which are null in the Local T-Map. Small displacements  𝑧  may 







































  (28) 
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Sections of Global T-Map at  𝜓 = 0 and 𝜙 = 0 are ellipses formed out of circles due to 
kinematic transformation as shown in Fig. 3.16(b) and (c) 
iv)  Fitting Functional Size T-Map 
Fig. 3.16(b) and (c) illustrate 3D cross sections at 𝜓 = 0 and 𝜙 = 0 of 4D Functional size 
T-Map fitted over the Global T-Map for Feature-7. Value of  𝑡𝑓7 computed using 
incremental T-Map fitting algorithm is 0.6. 
v) Evaluate sensitivity of each tolerance 
As can be seen, limiting size variation of ±1 and limiting orientation of 0.2 in Feature-7 
induces total limiting variation of 0.6. Visually it is not possible to get sensitivities for 
each tolerance value. 
Table 3.7 lists and explains calculations for sensitivity  𝑆71 of 𝑡71. 
Table 3.7 - Example-2 Feature-7 Size Tolerance Sensitivity Calculation 








2 2.1 0.2 0.6 
 
Table 3.8 lists and explains calculations for sensitivity  𝑆27 of 𝑡27. 
Table 3.8 - Example-2 Feature-7 Orientation Tolerance Sensitivity Calculation 








2 2 0.21 0.63 
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To get sensitivity for each tolerance value, tolerance values  𝑡71 and  𝑡72 are perturbed 
one by one with a very small amount, whole analysis for Feature-7 is done again to 
obtain value of functional size tolerance 𝑇𝑓7. Sensitivity of each tolerance is given by the 
ratio of change in the value of  𝑇𝑓7 to change in the value of respective tolerance. 
 𝑇𝑓7 can be written in terms of tolerances and sensitivities as, 
𝑇𝑓7 = 𝑡71 𝑆71 + 𝑡72 𝑆72 = 3 𝑡72 (29) 
Feature-8 
It is a rectangular planar feature as shown in Fig. 3.17 with size tolerance ± 𝜏/2 = ±0.1 
as specified in Fig. 3.6(a). Variable 𝑡81 is a quantity used to express variation of Feature-
8 in its size tolerance zone. 
 
Fig. 3.17 Example 2 – Feature-8 Coordinate Frame Setup 
i) Generate the Local T-Map 
Feature-8 being a planar feature has a 3D T-Map that captures tilt 𝜙 about the x axis, 
tilt 𝜓 about the y axis and translation 𝑧 along z axis in coordinate frame 𝑋4 𝑌4 𝑍4. Fig. 
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3.18(a) illustrates the T-Map for Feature-8 in the coordinate frame 𝑋4 𝑌4 𝑍4 before 
transformation and before eliminating any small displacements. 
ii) Eliminate unnecessary small displacements 
The Local T-Map for Feature-8 is a 3D T-Map with small displacements 𝜙,𝜓 and 𝑧. 
Small displacement 𝑧 does not contribute to variation along direction of control at 
Target-Feature-2. And hence is eliminated. T-map for Feature-8 after eliminating 𝑧 is a 
rhombus in 𝜙 − 𝜓 plane as shown in Fig. 3.18(b). 
 
Fig. 3.18 (a) Example -2 Feature -8 Local T-Map (b) Example -8 Feature -8 Local T-Map 
after Small Displacement Elimination (c) Example-2 Feature-8 Added Small 
Displacements in Global T-Map  
iii) Generate the Global T-Map 
Following are the vectors and matrices needed to transform small displacement 
coordinates from local coordinate frame  𝑋4 𝑌4 𝑍4 to global coordinate frame 𝑋𝑔2 𝑌𝑔2 𝑍𝑔2 
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Displacement Vector, 
𝐶𝑔2−4 =  [𝐶𝑥 𝐶𝑦 𝐶𝑧]𝑔2−4 = [0 −125 −62.5] (30) 











































1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 −𝐶𝑧 𝐶𝑦 1 0 0
𝐶𝑧 0 −𝐶𝑥 0 1 0



























Small displacements 𝜃,𝑥,𝑦 and 𝑧 in local T-Map do not contribute to the direction of 


























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 62.5 −125 1 0 0
−62.5 0 0 0 1 0

































































  (35) 
As can be seen, this particular kinematic transformation adds three small displacements 
 𝑥,𝑦 and  𝑧 to the Global T-Map which are null in the Local T-Map. Out of three 
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added small displacements  𝑧  may be set to zero again as it does not contribute to 
direction of control. Local to Global kinematic transformation for the T-Map of Feature-8 







































  (36) 
Fig. 3.18(c) illustrates the projection of Global T-Map on small displacement 𝑥 and  𝑦 
plane. 
iv)  Fitting Functional Size T-Map 
 
Fig. 3.19 (a) Example-2 Feature-8 3D Section at 𝜓 = 0 of Functional Map Fitted over 
Global T-Map (c) Example-2 Feature-8 3D Section at 𝜙 = 0 of Functional Map Fitted 
over Global T-Map 
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Fig. 3.19(a) and (b) illustrate 3D cross sections at 𝜓 = 0 and 𝜙 = 0 of 4D Functional size 
T-Map fitted over the Global T-Map for Feature-8. Value of  𝑇𝑓8 computed using 
incremental T-Map fitting algorithm is 0.6. 
v) Evaluate sensitivity of each tolerance 
Limiting size variation of ±1 in Feature-8 induces total limiting variation of 6 at Target-







= 3 (37) 
Or relation between functional tolerance and feature size tolerance can be given as, 
𝑇𝑓8 = 𝑡81 𝑆81 = 3 𝑡81 (38) 
Formation of sensitive equation 
Table 3.9 shows sensitivity values for tolerances 
Table 3.9 - Example-2 Tolerance Sensitivities 
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8 Planar Size 𝑡81 0.2 3 
 
Table 3.10 shows sensitivity values for clearances 
Table 3.10 - Example-2 Clearance Sensitivities 
Feature No. Clearance type Variable Name Clearance 
Value (units) 
Sensitivity 
2-3 Cylindrical 𝐶1 0.3 1 
 
This way the evaluation of sensitivities for variation of all features within their tolerance 
zones defined by tolerance specifications on drawing is complete for all the variation 









𝑇𝑓 = 𝑇𝑓2 + 𝑇𝑓3 + 𝑇𝑓6 + 𝑇𝑓7 + 𝑇𝑓8 + 𝐶𝑓1 (40) 
𝑇𝑓 = 𝑡21 + 𝑡22 + 𝑡31 + 𝑡32 + 𝑡61 + 𝑡62 + 3 𝑡72 + 3 𝑡81 + 𝐶1 (41) 
Table 3.11 gives calculations for worst case and statistical tolerance analysis for T-Maps 
and 1D-Charts for Example 2. 
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Table 3.11 - Example-2 T-Maps and 1-D Charts Calculations 
Governing equation 
T-Maps 𝑇𝑓 = 𝑡21 + 𝑡22 + 𝑡31 + 𝑡32 + 𝑡61 + 𝑡62 + 3 𝑡72 + 3 𝑡81 + 𝐶1 
1D chart 𝑇𝑓 = 𝑡21 + 𝑡22 + 𝑡31 + 𝑡32 + 𝑡61 + 𝑡62 + 𝐶1 
Worst Case Variation 
T-Maps 𝑇𝑓 = ±(0.1 + 0.05 + 0.1 + 0.05 + 0.1 + 0.05 + 3 × 1+.. 
. .3 × 0.1 + 0.15) 
𝑇𝑓 = ±1.05 
1D chart 𝑇𝑓 = ±(0.1 + 0.05 + 0.1 + 0.05 + 0.1 + 0.05 + 0.15) 
𝑇𝑓 = ±0.6 
Mean  
T-Maps 𝜇𝑇𝑓 = 75 + 100 − 35/2 
= 157.5 
1D chart 𝜇𝑇𝑓 = 75 + 100 − 35/2 
= 157.5 
6𝜎 Standard Deviation  




















































































































= √0.0067 = 0.0817 
Statistical Variation 
T-Maps ±3𝜎𝑇𝑓 = ±0.3465 
1D chart ±3𝜎𝑇𝑓 = ±0.2451 
Distribution 






Therefore, Analysis results for comparison between T-Maps and 1D-Charts are listed in 
Table 3.12 for Example 2. 
Table 3.12 Example-2 Results Comparison between T-Maps and 1D-Charts 
 Worst Case Analysis Statistical Analysis 
 Min Mean Max Mean Std. Dev. 
T-Maps 156.45 157.5 158.55 157.5 0.1155 
1D-Charts 156.90 157.5 158.10 157.5 0.0817 
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3.4 Example 3 
 
Fig. 3.20 Example 2 & 3 – Assembly 
 
Consider the same assembly of two parts used for Example-2. For Example-3 a different 
assembly level dimension is chosen as To-Be-Analyzed dimension as shown in Fig. 3.20. 
Details of Part 1 and Part 2 remain same as shown in Fig. 3.6(a) and Fig. 3.6(b) 
respectively but for reference Fig. 3.21(a) and (b) is added to highlight variation 
contributors and tolerances associated with them. Dimension 𝐷2 is distance between 
bottom face of Part 1 which is treated as Datum and top face of Part 2, direction of 
control being ∆𝑧 as shown in Fig. 3.20. 
1) Example 3 – Variation Contributors 
As explained earlier, all features connected to both the target features may actively 
contribute towards variations in To-Be-Analyzed dimension. When all stack paths 
connecting Target-Feature-1 to Target-Feature-2 are identified, all the features which are 
part of at least one stack path are evaluated one by one. Refer Fig. 3.7, feature labeled 
with number 9 is Target-Feature-1. It is treated as datum or reference. Feature labeled 
with number 10 is Target-Feature-2. Target-Feature-2 is a planar feature. Global 
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coordinate frame is set up at center of area of nominal location of this circular planar 
feature as shown in Fig. 3.22. 
 
Fig. 3.21 (a) Example 3 - Part 1 Details Highlighted with Variation Contributors and 
Associated Tolerances (b) Example 3 - Part 2 Details Highlighted with Variation 
Contributors and Associated Tolerances 
 
There are two stack paths between Target-Feature-1 and 2 and these are illustrated 
graphically in Fig. 3.23. One goes through the face to face contact between part 1 to part 
2 and the other goes though pin and hole contact between part 1 and part 2. 
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Fig. 3.22 Example 3 - Analysis Setup 
 
Referring to Fig. 3.21, Fig. 3.22 and Fig. 3.23 together, the two stacks identified are as 
below. 
Stack Path 1 – Pin Hole contact 
Feature 1 and Feature-9 are invariant with respect to each other because both are datum. 
Feature-1 is tertiary datum for position of Feature-2. Feature-2 and Feature-3 are axial 
features forming pin and hole contact. Feature-5 is datum for position of Feature-3. 
Feature-5 is connected to Feature-10 by size and orientation tolerances. Variation in any 
one of these features will result in variations along 𝑌𝑔3 direction at 𝑋𝑔3 𝑌𝑔3 𝑍𝑔3. Though 
there is a stack path it does not contribute to the direction of control 𝑍𝑔3 direction 
at 𝑋𝑔3 𝑌𝑔3 𝑍𝑔3. All these features are crossed out in Fig. 3.23. 
Stack Path 2 – Face to Face contact 
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Feature-9 and Feature-8 are connected by size tolerance. Feature-8 is in contact with 
Feature-7. Feature-5 is datum for Feature-7 as well as Feature-10. The sole contribution 
of this loop is along the direction of control 𝑍𝑔3 direction at 𝑋𝑔3 𝑌𝑔3 𝑍𝑔3. 
Both the loops are well illustrated in Fig. 3.23. 
 
 
Fig. 3.23 Example 3 - Stack Paths between Target-Feature-1 and 2 
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Noncontributing datum features are identified with an X. T-Map may or may not be 
generated for features in stack loops depending upon whether a feature acts as a datum or 
is a variation contributor. 
Feature 9 in Part 1 and Feature-5 in Part 2, though in stack path 2, are excluded from 
analysis because these features act as datum. These features are crossed out in Fig. 3.23. 
For rest of the features local coordinate frames are set up as shown in Fig. 3.22. 
2) Example 3 - Variables 
Table 3.13 lists the variables for example 3. 
Table 3.13 - Example-3 Tolerance Details for Features Contributing Variation 










8 Planar Size 𝑡81 0.2 







The quantities which can vary are called variables in statistics. In current example 
position of any feature within its tolerance zone is treated as variable. Tolerance values 
define maximum variation in feature and hence are limiting values for these variables. All 
the tolerances in Table 3.13 are highlighted in Fig. 3.22. 
3) Example 3 - T-Map and kinematic transformation 
In this step, each variation contributor is evaluated one by one. 
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Feature-7 
 
Fig. 3.24 Example 3 – Feature-7 Coordinate Frame Setup 
 
It is a planar feature as shown in Fig. 3.24 with size tolerance ± 𝜏/2 = ± 1 units as well 
as orientation tolerance of ± 𝑡/2 = 0.2 as specified in Fig. 3.21(a). Variable 𝑡71 is a 
quantity used to express the total range of variations of Feature-1. Therefore ± 1 are the 
limiting values for variable 𝑡71. 
i) Generate the Local T-Map 
Feature-7, being a planar feature, has a 3D T-Map that captures tilt about x axis (ϕ), tilt 
about y axis (ψ) and translation along z axis (z) in coordinate frame 𝑋3 𝑌3 𝑍3 Fig. 3.24. 
Fig. 3.25(a) illustrates the T-Map for Feature-7 in coordinate frame 𝑋3 𝑌3 𝑍3  before 
transformation and before filtering out any displacement components that do not 
contribute to the stack path under consideration. 
ii) Eliminate unnecessary small displacements 
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Fig. 3.25 (a) Example -3 Feature -7 Local T-Map, (b) Example -3 Feature -7 Global T-
Map (c) Function Size T-Map Fitted over Global T-Map 
 
All three small displacements contribute to variation in Target-Feature-2 along direction 
of control. Hence all are retained. T-Map after elimination is the same as shown in Fig. 
3.25(a). 
iii) Generate the Global T-Map 
A Global T-Map is the one which is obtained by kinematically transforming T-Map 
vertices from local coordinate frame to global coordinate frame. The kinematic 
transformation matrix to transform small displacement coordinates from the local 
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coordinate frame  𝑋3 𝑌3 𝑍3 to the global coordinate frame 𝑋𝑔3 𝑌𝑔3 𝑍𝑔3 is generated as 
below. 
Displacement Vector, 
𝐶𝑔3−3 = [𝐶𝑥 𝐶𝑦 𝐶𝑧]𝑔3−3 = [0 −100 −75] (42) 











































1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 −𝐶𝑧 𝐶𝑦 1 0 0
𝐶𝑧 0 −𝐶𝑥 0 1 0



























The local T-Map being a 3D T-Map small displacements 𝜃, 𝑥 and 𝑦 in local 


























1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 −𝐶𝑧 𝐶𝑦 1 0 0
𝐶𝑧 0 −𝐶𝑥 0 1 0



































































Nonzero small displacements 𝑥 and 𝑦 do not contribute to direction of control 𝑧 in 











−𝐶𝑌𝜑 + 𝐶𝑋𝜓 + 𝑧
]
3
  (48) 
Since all variation contributors are planar features having rotation matrix as identity, 
above transformation is valid for Feature-8 as well and will be used while evaluating its 
sensitivity. 
The Global T-Map generated for Feature-7 is illustrated in Fig. 3.25(b). 
iv) Fitting Functional Size T-Map 
Functional tolerance contribution  𝑇𝑓7 from Feature-7 obtained using T-Map fitting 
algorithm comes out to be 2.7359 units. 
v) Evaluate sensitivity of each tolerance 
Limiting size variation of ±1 and limiting orientation of 0.2 in Feature-7 induces total 
limiting variation of 2.7359. Visually it is not possible to get sensitivities for each 
tolerance value. 
Sensitivities are computed by introducing a small perturbation in a tolerance value at a 
time to observe effect on  𝑇𝑓7 computed using T-map fitting algorithm. 
Table 3.14 lists and explains calculations for sensitivity  𝑆71 of 𝑡71.  
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Table 3.14 - Example-3 Feature-7 Size Tolerance Sensitivity Calculation 








2 2.1 0.2 2.8359 
 
Table 3.15 lists and explains calculations for sensitivity  𝑆27 of 𝑡27. 
Table 3.15 - Example-3 Feature-7 Orientation Tolerance Sensitivity Calculation 








2 2 0.21 2.7727 
 
 𝑇𝑓7 can be written in terms of tolerances and sensitivities as, 
𝑇𝑓7 = 𝑡71 𝑆71 + 𝑡72 𝑆72 = 𝑡71 + 3.68 𝑡72 (49) 
Feature-8 
 
Fig. 3.26 Example 3 – Feature-7 Coordinate Frame Setup 
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It is a planar feature as shown in Fig. 3.26 with size tolerance ± 𝜏/2 = ± 0.1 units as 
specified in Fig. 3.21(a). Variable 𝑡81 is a quantity used to express the total range of 
variations of Feature-1. Therefore ± 1 are the limiting values for variable 𝑡71. 
i) Generate the Local T-Map 
Feature-8, being a planar feature, has a 3D T-Map that captures tilt about x axis (𝜙), tilt 
about y axis (𝜓) and translation along z axis (z) in coordinate frame 𝑋4 𝑌4 𝑍4 Fig. 3.26. 
Fig. 3.27(a) illustrates the T-Map for Feature-8 in coordinate frame 𝑋4 𝑌4 𝑍4  before 
transformation and before filtering out any displacement components that do not 
contribute to the stack path under consideration. 
ii) Eliminate unnecessary small displacements 
 
Fig. 3.27 (a) Example -3 Feature -8 Local T-Map, (b) Example -3 Feature -8 Global T-
Map (c) Function Size T-Map Fitted over Global T-Map 
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All three small displacements contribute to variation in Target-Feature-2 along direction 
of control. Hence all are retained. T-Map after elimination is the same as shown in Fig. 
3.27(a). 
iii) Generate the Global T-Map 
The kinematic transformation matrix to transform small displacement coordinates from 
the local coordinate frame  𝑋3 𝑌3 𝑍3 to the global coordinate frame 𝑋𝑔3 𝑌𝑔3 𝑍𝑔3 is 
generated as below. 
Displacement Vector, 
𝐶𝑔3−4 = [𝐶𝑥 𝐶𝑦 𝐶𝑧]𝑔3−4 = [0 −125 −75] (50) 



























−𝐶𝑌𝜑 + 𝐶𝑋𝜓 + 𝑧
]
4
  (53) 
The Global T-Map generated for Feature-7 is illustrated in Fig. 3.27(b). 
iv) Fitting Functional Size T-Map 
Functional tolerance contribution  𝑇𝑓8 from Feature-7 obtained using T-Map fitting 
algorithm comes out to be 0.56746 units. 
v) Evaluate sensitivity of each tolerance 
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Limiting size variation of ±1 in Feature-8 induces total limiting variation of  0.56746. 
Sensitivity is ration of functional size  𝑇𝑓8 tolerance and size tolerance 𝑡81. 
𝑆81 = 𝑇𝑓8/𝑇81 = 2.8373 (54) 
𝑇𝑓8 = 𝑡81 𝑆81 = 2.8373 𝑡81 (55) 
Feature-10 
It is a planar feature as with size tolerance ± 𝜏/2 = ± 1 units as well as orientation 
tolerance t = 0.5 as specified in Fig. 3.21(b). Variable 𝑡101 is a quantity used to express 
the variations of Feature-1 in its size tolerance zone and 𝑡102is used to express variations 
in orientation tolerance zone. Therefore ± 1 are the limiting values for variable 𝑡101 and 
0.5 is limiting value for 𝑡102. 
 
Fig. 3.28 Example -3 Feature -10 Functional T-Map Fitted over Global/Local T-Map 
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Feature-10 being Target-Feature-2 itself, is in global coordinate frame 𝑋𝑔3 𝑌𝑔3 𝑍𝑔3. The 
Local, Global and Functional Size T-Maps are equal in shape and size as shown in Fig. 
3.28. Variation along direction 𝑧 is solely dependent on size tolerance value and is 
independent of the orientation tolerance value. 
Sensitivities for variables  𝑡101 and  𝑡102 can directly be given as 
 𝑆101 = 1,  𝑆102 = 0 (56) 
Therefore, sensitivities equation for Feature-10 can be written as, 
𝑇𝑓10 = 𝑡101𝑆101 + 𝑡102𝑆102 = 𝑡101 (57) 
Formation of sensitive equation 
Table 3.16 shows sensitivity values for tolerance. 
Table 3.16 - Example-3 Tolerance Sensitivities 
Feature Feature 
type 











8 Planar Size 𝑡81 0.2 2.8373 









The evaluation of sensitivities for variation of all features within their tolerance zones 
defined by tolerance specifications on drawing is complete for all the variation 
contributing features and clearances. Equation for statistical tolerance analysis is formed 
as below. 





𝑇𝑓 = 𝑇𝑓7 + 𝑇𝑓8 + 𝑇𝑓10 (59) 
𝑇𝑓 = 𝑡71 + 3.68𝑡72 + 2.8373 𝑡81 + 𝑡101 (60) 
Table 3.17 gives calculations for worst case and statistical tolerance analysis for T-Maps 
and 1D-Charts for Example 3. 
Table 3.17 - Example-3 T-Maps and 1-D Charts Calculation 
Governing equation 
T-Maps 𝑇𝑓 = 𝑓71 + 3.68 𝑡72 + 2.8373 𝑡81 + 𝑡101 
1D chart 𝑇𝑓 = 𝑡71 + 𝑡81 + 𝑡101 
Worst Case Variation 
T-Maps 𝑇𝑓 = ±(1 + 3.68 × 0.1 + 2.8373 × 0.1 + 1) 
𝑇𝑓 = ±2.6517 
1D chart 𝑇𝑓 = ±(1 + 0.1 + 1) 
𝑇𝑓 = ±2.1 
Mean  
T-Maps 𝜇𝑇𝑓 = 50 + 25 + 50 
= 125 
1D chart 𝜇𝑇𝑓 = 50 + 25 + 50 
= 125 
6𝜎 Standard Deviation  
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T-Maps 
𝜎𝑇𝑓 = √( 𝜎𝑇71
2 + 3.68𝜎𝑇72
2 + 2.8373𝜎𝑇81























√0.0574 = 0.2395 
1D chart 




















√0.0558 = 0.2363 
Statistical Variation 
T-Maps ±3𝜎𝑇𝑓 = ±0.7185 








Therefore, Analysis results for comparison between T-Maps and 1D-Charts are listed in 
Table 3.18 for Example 3. 
Table 3.18 Example-3 Results Comparison between T-Maps and 1D-Charts 
 Worst Case Analysis Statistical Analysis 
 Min Mean Max Mean Std. Dev. 
T-Maps 122.35 125 127.65 125 0.2395 
1D-Charts 122.9 125 127.1 125 0.2363 
 
 
3.5 Rules for Identifying Noncontributing Small Displacements 
A T-Map for a feature may have up to 6 nonzero small displacements depending on the 
feature geometry and the tolerance specifications. While performing a tolerance analysis 
for a functional dimension, T-Maps are generated for all the contributing features and are 
added together using the Minkowski Sum. If a feature is part of a stack loop it is 
considered as a contributing feature, but it is not necessary that all the non-zero small 
displacements of the T-Maps constructed for the contributing features behave as 
contributing small displacements. It is necessary to identify and eliminate 
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noncontributing nonzero small displacements of any T-Map for producing accurate 
results. This is one of the key areas where further research is necessary and is done 
intuitively while solving the examples in this chapter. 
The following ideas can be used as a starting point for this research. But these are valid 
only for the examples discussed and are not general. Modifications may be needed to 
expand the scope of applicability. 
Noncontributing nonzero small displacements can be identified by analyzing direction of 
clamping forces and force of gravity as well as their magnitudes and by analyzing types 
of contacts which exist between assembled parts. For simplicity the discussion is limited 
to assemblies with a single clamping force. 
Contact through which all small displacements get transferred from one part to another is 
called here as primary contact. Features forming a primary contact are perpendicular to 
the clamping force. Contact which cannot transfer all the small displacements of T-Maps 
is called here secondary contact. It is parallel to the clamping force. 
 
Fig. 3.29 (a) Exploded Assembly of a Square and L bar (b) & (c) Two Possible Clamping 
Force Directions on Assembly 
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Consider assembly of two parts one with square cross section and other with L cross 
section as shown in Fig. 3.29(b) and (c). The exploded assembly is shown in Fig. 3.29 
(a). All features are assumed to have no variations except two faces of Part 1 named as 
Feature 1 and feature 2 in Fig. 3.29 (a) and the respective contacts with part 2 are called 
as contact 1 and contact 2. 
The T-Map for any planar feature with a size tolerance is a 3D T-Map with non-zero 
𝜙, 𝜓 and Δ𝑧 small displacements. For feature 1 and feature 2 these displacements are 
measures in coordinate reference frame 𝑥1𝑦1𝑧1 and 𝑥2𝑦2𝑧2 respectively. 
Consider assembly condition as shown in Fig. 3.29 (b) where the clamping force is 
perpendicular to feature 1, hence contact 1 becomes a primary contact. All small 
displacements in T-Map for feature 1 contribute to variations in functional dimension. 
Contact 2 being parallel to clamping force becomes secondary contact. Only 𝜓 and Δ𝑧 
out of three get transferred through this contact. Hence 𝜙 being a noncontributing 
nonzero small displacement in T-Map constructed for feature 2 needs to be eliminated. 
Otherwise it may create errors in results. This problem of tolerance analysis, if solved 
using T-Maps, will result into functional tolerance of value 𝑇1 which is the size tolerance 
on feature 1. But without eliminating nonzero small displacements, the results obtained 
would have a value greater than 𝑇1. 
Now consider the same assembly but with a clamping force perpendicular to feature 2 as 
shown in Fig. 3.29 (c). In this case contact 2 becomes a primary contact to transfer all the 
three 𝜙,𝜓 and Δ𝑧 small displacements in T-Map for feature 2. Contact 1 hence is a 
secondary contact and it transfers only two small displacements𝜓 and Δ𝑧. Tolerance 
analysis done without eliminating small displacement 𝜙 from T-Map constructed for 
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feature 1 will have an error and will be higher than the result generated by doing 
elimination of nonzero noncontributing small displacements. Three examples of tolerance 
analysis using T-Maps in this chapter include the step of eliminating nonzero 
noncontributing small displacements from generated T-Maps but decision regarding 
which small displacements to  eliminate is done intuitively. 
  119 
CHAPTER 4 
T-MAP ANALYSIS SOFTWARE 
The T-Map analysis software is developed to automate the tolerance analysis process. 
Different modules of software can be used to generate T-Maps, transform T-Maps using 
kinematic transformation theory, generate 3D sections and projections of higher 
dimensional T-Maps, generate Minkowski Sum of two or more T-Maps, find intersection 
of T-Maps as well as generate Functional Maps. The emphasis of this chapter is to 
explain how to use the T-Map Analysis Software to perform tolerance analysis. 
Sections 4.1-4.7 describe the implementation of the T-Map library. Automated tolerance 
analysis software calls syntax and functions from this library. The process flow used to 
automate the tolerance analysis is described in section 4.8. 
Every T-Map is stored as a set of 6 dimensional vertices as well as set of 6 dimensional 
linear halfspace coefficients. The vertex representation is used while performing 
kinematic transformations, Minkowski Sums and for producing projections. The linear 
halfspace coefficient representation is used for generating T-Maps, for finding region of 
intersection between two T-Maps, and for producing sections. 
4.1 T-Map Software Class Structure 
TMap is a base class used in this software. All other T-Map classes which are derived 
from this base class are listed in below paragraph. 
TMapPlane, TMapAxis, TMapAxisPattern, TMap1D and TMap2D are the five classes 
which can be used to generate Local and Global Primitive T-Maps. TMapSum and 
TMapIntersection are the two classes that can be used to generate Minkowski Sum and to 
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intersect two or more T-Maps in pairs successively. TMapProjection and TMapSection 
are the two classes which can be used to produce sections and projections of a T-Map. 
 
Fig. 4.1 T-Map Software Class Diagram - Derived Classes 
The meaning of the terms projection and section go along with that used in Mechanical 
Engineering Drawing. The projection of a 3D object on to a 2D plane of paper is what we 
call a view in engineering drawing. In a similar way 6D T-Maps can be projected on to a 
5D space or 4D space or any space having dimensions less than 6 to generate Projected 
  121 
T-Maps. 2D section of a 3D object is produced by intersecting it with a particular plane. 
In a similar way 5D section of 6D T-Map can be produced by cutting the T-Map at 
particular hyper plane. 
 
Fig. 4.2 T-Map Software Class Diagram – Base Class Fields and Methods  
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Fig. 4.2 illustrates structure of base classe TMap. Following table lists all the fields in the 
base class. 
Table 4.1 – TMap Base Class Fields 
 Field Type Explaination 
1 m_dCharacteristicLength double Amplification factor for angular 
small displacements for producing 
visuals 
2 m_dLength double Length of axis 
3 m_dPatternDia double Diameter of circular pattern of 
cylindrical features 
4 m_dPrecision double Used for rounding off near zero 
quantities 
5 m_dRadius double Radius of tolerance zone for 
TMapAxis, radius of circular planar 
feature for TMapPlane 
6 m_dSurfaceArea double Surface area of T-Map 
7 m_dTol double Radius of tolerance zone for 
TMapAxis, thickness of tolerance 
zone for TMapPlane 
8 m_dTol2 double Radius of second end of tolerance 
zone if tolerance zone for 
TMapAxis is truncated cone and 
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not cylinder 
9 m_dVolume double Volume of T-Map 
10 m_nDebug int 1 to print calculation to debug code, 
0 to run the code 
11 m_nDimGlobal int Number of non-zero small 
displacements in global T-Map 
12 m_nDimLocal int Number of non-zero small 
displacements in local T-Map 
13 m_nNumLinear 
halfspaces 
int Number of Linear halfspaces 
14 m_nNumPatternHoles int Number of cylindrical features in 
pattern 
15 m_nNumPoints int Number of points on boundary of 
planar feature 
16 m_nNumTMapVertices int Number of vertices of T-Map 
17 m_nPointsOnCircle int Number of points, a circle should 
be approximated to 
18 m_pdCVector *double 
double array 
Array of size 3 storing 
displacement vector 
19 m_pdGlobalVertices *double 
double array 
Array of size 
6xm_nNumTMapVertices storing 
global vertices 
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20 m_pdLinear halfspaces *double 
double array 
Array of size 7x2xm_nNumPoints 
for TMapPlane, Array of size 
7x2xm_nPointsOnCircle for 
TMapAxis storing linear halfspace 
coefficients 
21 m_pdLocalVertices *double 
double array 
Array of size 
6xm_nNumTMapVertices storing 
local vertices 
22 m_pdNullRecordGlobal *double 
double array 
Array of size 6 representing 
weather a small displacement in 
global T-Map is null. 
If small displacement is Null 
m_pdNullRecordGlobal[i] = 1, 
otherwise 0. 
i=0 for phi, 1 for psi, 2 for tehta 
i=3 for dx, 4 for dy, 5 for dz 
For 3D T-Map in global coordinate 
frame with non-zero phi, psi, dx, 
dy, dz 
m_pdNullRecordGlobal[0] = 0, 
m_pdNullRecordGlobal[1] = 0, 
m_pdNullRecordGlobal[2] = 1, 
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m_pdNullRecordGlobal[3] = 0, 
m_pdNullRecordGlobal[4] = 0, 
m_pdNullRecordGlobal[5] = 0, 
23 m_pdNullRecordLocal *double 
double array 
Array of size 6 representing 
weather a small displacement in 
local T-Map is null. 
If small displacement is Null 
m_pdNullRecordGlobal[i] = 1, 
otherwise 0. 
i=0 for phi, 1 for psi, 2 for tehta 
i=3 for dx, 4 for dy, 5 for dz 
For 3D T-Map in global coordinate 
frame with non-zero phi, psi, dz 
m_pdNullRecordGlobal[0] = 0, 
m_pdNullRecordGlobal[1] = 0, 
m_pdNullRecordGlobal[2] = 1, 
m_pdNullRecordGlobal[3] = 1, 
m_pdNullRecordGlobal[4] = 1, 
m_pdNullRecordGlobal[5] = 0, 
24 m_pdPattern_Coords *double 
double array 
Array of size 2x 
m_nNumPatternHoles storing 
coordinate of features in pattern in 
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x-y plane 
25 m_pdRMatrix *double 
double array 
Array of size 9 storing rotation 
matrix 
 
Useful methods (functions) are explained in detail in sections 4.1-4.8. 
4.2 Generating Primitive T-Maps 
Software can be used to generate 3D T-Maps for planar features, 4D T-Maps for axial 
features and 5D T-Maps for pattern of cylindrical features. Along with these features it 
can also be used to generate 1D T-Maps which are lines and 2D T-Maps which are 
circles. Set of functions to be written in Visual C++ software development environment 
to generate these T-Maps are explained below in detail. 
i) T-Map for a Cylindrical Feature 
Table 4.2 – Set of Functions to Generate T-Map for Cylindrical Features 






Tm = TMap name 
T = Diameter of tolerance zone 





Table 4.3 – Examples to Generate T-Map for Cylindrical Features 
Example 1: TMapAxis Tm; 
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Consider an axis of length equal to 10 
units and diameter of tolerance zone equal 
to 1 unit. 
double T = 1; 
Tm.settol(T); 





Consider an axis of length equal to 50 
units and diameter of tolerance zone equal 







ii) T-Map for a Planar Feature 
Definition 1 – for Generic Planar Feature 
Table 4.4 – Set of Functions to Generate T-Map for Generic Planar Features 






Tm = TMap name 
T = Thickness of tolerance zone 
Co = Coordinates of points on 
boundary 
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Table 4.5 – Examples to Generate T-Map for Generic Planar Features 
Example 1: 
Consider rectangular plane with vertex 
coordinates in units as, 𝑉1(𝑥, 𝑦) =
(25,50), 𝑉2(𝑥, 𝑦) = (−25,50), 
𝑉3(𝑥, 𝑦) = (−25,−50) and 𝑉4(𝑥, 𝑦) =
(−25,50) and tolerance zone thickness 
equal to 1 unit. 
TMapPlane Tm; 
double T = 1; 
Tm.settol(T); 
double N = 4; 
double *Co = new double[2*N]; 
Co[0] =   25;   Co[1] =   50; 
Co[2] = - 25;   Co[3] =   50; 
Co[4] = - 25;   Co[5] = - 50; 





Consider trianglular plane with vertex 
coordinates 𝑉1(𝑥, 𝑦) = (0,50), 𝑉2(𝑥, 𝑦) =
(25,−25) and 𝑉3(𝑥, 𝑦) = (−25,−25) 




double *Co = new double[6]; 
Co[0] =     0;   Co[1] = 50; 
Co[2] =   25;   Co[3] = - 25; 
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Definition 2 – for Circular Planar Feature 
Table 4.6 – Set of Functions to Generate T-Map for Circular Planar Features 







Tm = TMap name 
T = Thickness of tolerance zone 





Table 4.7 – Examples to Generate T-Map for Circular Planar Features 
Example 1: 
Consider circular plane of diameter 75 
units and tolerance zone thickness equal 
to 2 units. 
TMapPlane Tm; 
double T = 2; 
Tm.settol(T); 





Consider circular plane of radius 50 units 
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Tm.generatetmap(); 
 
iii) T-Map for Pattern of Axial Features 
Definition 1 – for Generic Pattern of Axial Features 
Table 4.8 – Set of Functions to Generate T-Map for General Pattern of Axial Features 








Tm = T-Map name 
T = Diameter of tolerance zone 
L = Length of axis 
Co = Coordinate Locations for Axes 







Table 4.9 – Examples to Generate T-Map for Generic Pattern of Axial Features 
Example 1: 
Consider pattern of four holes placed on 
vertices of a rectangle whose coordinates 
are given in units as, 𝑉1(𝑥, 𝑦) = (25,50), 
𝑉2(𝑥, 𝑦) = (−25,50), 𝑉3(𝑥, 𝑦) =
(−25,−50) and 𝑉4(𝑥, 𝑦) = (−25,50), 
length of axes of holes equal to 20 and 
TMapAxisPattern Tm; 
double T = 1; 
Tm.settol(T); 
double L = 20; 
Tm.setlength(L); 
int N = 4; 
Tm.setnumpatternholes(N); 
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diameter of position tolerance zone equal 
to 1 unit. 
double *Co = new double[2*N]; 
Co[0] =   25;   Co[1] =   50; 
Co[2] = - 25;   Co[3] =   50; 
Co[4] = - 25;   Co[5] = - 50; 





Consider pattern of three holes placed on 
vertices of a triangle whose s 𝑉1(𝑥, 𝑦) =
(0,50), 𝑉2(𝑥, 𝑦) = (25,−25) and 
𝑉3(𝑥, 𝑦) = (−25,−25), length of axes of 
holes equal to 35 and diameter of position 





double *Co = new double[6]; 
Co[0] =     0;   Co[1] = 50; 
Co[2] =   25;   Co[3] = - 25; 





Definition 2 – for Circular equispaced Pattern of Axial Features 
Table 4.10 – Set of Functions to Generate T-Map for Circular Pattern of Axial Features 
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Tm = T-Map name 
T = Diameter of tolerance zone 
L = Length of axis 
N = Number of Axes in pattern 







Table 4.11 – Examples to Generate T-Map for Circular Pattern of Axial Features 
Example 1: 
Consider a pattern of four holes 
equispaced on circle with diameter 100, 
length of axes of holes equal to 20 and 
diameter of position tolerance zone equal 
to 1 unit. 
TMapAxisPattern Tm; 
double T = 1; 
Tm.settol(T); 
double L = 20; 
Tm.setlength(L); 
int N = 4; 
Tm.setnumpatternholes(N); 




Example 2: TMapAxisPattern Tm; 
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Consider a pattern of three holes 
equispaced on circle with radius 75, 
length of axes of holes equal to 45 and 
diameter of position tolerance zone equal 








iv) 1D line T-Map 
1D line T-Map is a line on ∆z axis symmetric about origin with only two vertices. 
Table 4.12 – Set of Functions to Generate 1D Line T-Map 





Tm = T-Map name 
T = Length of Line 
TMap1D 
 
Table 4.13 – Examples to Generate 1D Line T-Map 
Example 1: 
Generate T-Map which is a line of length 
equal to 0.5 units 
TMap1D Tm; 
double T = 0.5; 
Tm.settol(T); 
Tm.generatetmap(); 
Example 2: TMap1D Tm; 
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Generate T-Map which is a line of length 




v) 2D circle T-Map 
2D circle T-Map is a circle in ∆x − ∆y plane with center at origin. 
Table 4.14 – Set of Functions to Generate 2D Circular T-Map 





Tm = T-Map name 




Table 4.15 – Examples to Generate 2D Circular T-Map 
Example 1: 
Generate T-Map which is a circle of 
diameter equal to 0.5 units 
TMap2D Tm; 




Generate T-Map which is a circle of 
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4.3 Generating Composite T-Maps (Intersections and MSum) 
Composite T-Maps are the T-Maps generated from two or more Primitive T-Maps. It can 
be a Minkowski Sum of two T-Maps. It can also be Intersection of two T-Maps. While 
performing tolerance analysis, the serial stacks can be modelled with the M-Sum of 
constituting T-Maps and the contribution of parallel stacks can be constituted by 
intersection. 
i) Minkowski Sum (MSum) of Two T-Maps 
Table 4.16 – Set of Functions to Generate Minkowski Sum of Two T-Maps 
Set of Functions Variable Explanation Variable 
Class 
TMapSum Tm(Tm1,Tm2); Tm1 & Tm2 = T-Maps to be added 
together 




Note: - The function may fail if one of the T-Maps Tm1 and Tm2 is singular. Refer first 
paragraph of section 4.5-i) for details. The function may also fail if number of vertices to 
be process exceeds available system memory depending on configuration of computer 
being used. 
Table 4.17 – Example to Generate Minkowski Sum of Two T-Maps 
Example : 
Consider an axis of length equal to 10 
units and diameter of tolerance zone equal 
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axis with following kinematic 
transformation data. 
Cv = [0 −100 50]. 
 
Consider a triangular plane with vertex 
coordinates 𝑉1(𝑥, 𝑦) = (0,50), 𝑉2(𝑥, 𝑦) =
(25,−25) and 𝑉3(𝑥, 𝑦) = (−25,−25) 
and tolerance zone thickness equal to 2 
units. Generate local T-Map for plane. 
 
Produce Minkowski Sum of the above 
two T-Maps. 
Tm1.generatetmap(); 
double *Cv = new double[3]; 





double *Co = new double[6]; 
Co[0] =     0;   Co[1] = 50; 
Co[2] =   25;   Co[3] = - 25; 




TMapSum Tm(Tm1P, Tm2); 
 
ii) Intersection of two T-Maps 
Table 4.18 – Set of Functions to Generate Intersection of Two T-Maps 
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Tm = Result of Intersection TMap 
 
Note: - The function may fail if one of the T-Maps Tm1 and Tm2 is singular. Refer first 
paragraph of section 4.5-i) for details. 
Example: 
Intersection can be generated by replacing the last line of code. 
TMapSum Tm(Tm1P, Tm2); 
in example for Minkowski Sum with 
TMapIntersection Tm(Tm1P,Tm2); 
The intersection generated represents T-Map for axis plane cluster. 
4.4 Transforming T-Maps 
Any Primitive Local T-Map can be transformed using kinematic transformation method 
to generate Primitive Global T-Map. It can be done by adding any one or both of the two 
functions given below after set of functions for generating Primitive Local T-Map. 
Table 4.19 – Set of Functions to Kinematically Transform T-Maps 




Tm = T-Map to be transformed 
Cv = Displacement Vector 
(Default Cv = [0 0 0]) 
Ro = Rotation Matrix 
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Note: - If transformed T-Map is singular it needs further processing to keep its usability. 
Refer first paragraph of section 4.5-i) for details. 
 
Table 4.20 – Examples to Transform T-Maps Kinematically 
Example 1: 
Consider an axis of length equal to 10 
units and diameter of tolerance zone equal 
to 1 unit. Generate a Global T-Map for the 
axis with following kinematic 
transformation data. 







double T = 1; 
Tm.settol(T); 




double *Cv = new double[3]; 
Cv[0] =      0; 
Cv[1] = -100; 
Cv[2] =    50; 
Tm.setcvector(Cv); 
double *Ro = new double[9]; 
Ro[0] = 1; Ro[1] =  0; Ro[2] = 0; 
Ro[3] = 0; Ro[4] =  0; Ro[5] = 1; 
Ro[6] = 0; Ro[7] = -1; Ro[8] = 0; 
Tm.setrmatrix(Ro); 
Example 2: TMapPlane Tm; 
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Consider a triangular plane with vertex 
coordinates 𝑉1(𝑥, 𝑦) = (0,50), 𝑉2(𝑥, 𝑦) =
(25,−25) and 𝑉3(𝑥, 𝑦) = (−25,−25) 
and tolerance zone thickness equal to 2 
units. Generate a Global T-Map for the 
plane with following kinematic 
transformation data. 
Cv = [0 50 50]; 
Tm.settol(2); 
double N = 3; 
double *Co = new double[2*N]; 
Co[0] =     0;   Co[1] = 50; 
Co[2] =   25;   Co[3] = - 25; 




double *Cv = new double[3]; 
Cv[0] =   0; 
Cv[1] = 50; 
Cv[2] = 50; 
Tm.setcvector(Cv); 
 
4.5 Generating T-Map Sections and Projections 
i) T-Map Projections 
TMapProjection class can be used to equate unnecessary dimensions to 0. A Local T-
Map for planar feature is a 3D T-Map with three independent nonzero small 
displacements 𝜙, 𝜓 and Δ𝑧. Global T-Map for same planar feature may be a 5D T-Map 
with 5 nonzero small displacements 𝜙, 𝜓, Δ𝑥, Δ𝑦 and Δ𝑧 where two added small 
displacements Δ𝑥 and Δ𝑦 are functions of 𝜓 and 𝜙 respectively. These small 
displacements can be represented as 𝜙, 𝜓, 𝑓(𝜓) , 𝑓(𝜙) and Δ𝑧. Since there are two 
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dependent small displacements, this T-Map is a 3D T-Map in 5D space. To use this T-
Map further in analysis, it is necessary to make a pair of unnecessary small displacements 
in T-Map equal to zero so that the remaining 3 small displacements are independent. It 
can be done by equating 𝜙 and 𝜓 to 0 so that T-Map will have independent small 
displacements Δ𝑥, Δ𝑦 and Δ𝑧. It can also be done by equating 𝜙 and Δ𝑥 to 0 so that T-
Map will have independent small displacements 𝜓, Δ𝑦 and Δ𝑧. Equating any pair of small 
displacements out of 𝜙,𝜓 or 𝜙, Δ𝑥 𝑜𝑟 𝜓, Δ𝑦 𝑜𝑟 Δx, Δy equal to 0 to have T-Map with 3 
independent nonzero small displacements will make it possible to process the T-Map 
further. This decision about which dimensions to equate to 0 depends on problem 
statement and hence it lies with user of the software. 
Producing projections is possible as long as T-Map produced as an output has all 
independent small displacements. TMapProjection will not work in above example if 
small displacements are equated to 0 one by one instead of a pair together. 
Producing Minkowski Sum or intersection of two T-maps, producing T-Map Sections 
and producing T-Map visuals is possible only if all small displacements of an input T-
Map are independent. Hence it is necessary to equate unnecessary small displacements to 
0 by using TMapProjection before doing any of the things. 
 
Table 4.21 – Set of Functions to Generate T-Map Projections 
Set of Functions Variable Explanation Variable Class 
TMapProjection 
TmP(Tm, Dim1) 
TmP = produced T-Map projection 
Dim1 = Name of small displacement axis to 
TMapProjection 
std::string 
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 which projection plane is perpendicular. One of 
the six “phi”, “psi”, “theta”, “dx”, “dy” or “dz” 
 
 
There are five more overloaded constructors for TMapProjection class as below. 
TMapProjection TmP(Tm, Dim1, Dim2) 
TMapProjection TmP(Tm, Dim1, Dim2, Dim3) 
TMapProjection TmP(Tm, Dim1, Dim2, Dim3, Dim4) 
TMapProjection TmP(Tm, Dim1, Dim2, Dim3, Dim4, Dim5) 
These overloaded constructors can be used to produce projection over planes 
perpendicular to all specified small displacements. 
Note: - The function may fail if the output T-Map or projected T-Map TmP is singular. 
Refer first paragraph of section 4.5-i) for details. 
Table 4.22 – Example to Generate T-Map Projections 
Example: 
Generate a T-Map for an axis of length 
equal to 10 units and diameter of 
tolerance zone equal to 1 unit. This T-
Map will be a 4D T-Map with non-
zero 𝜙, 𝜓, Δ𝑥 and Δ𝑦. 
Generate another T-map for a circular 
plane with radius equal to 5 units and 
thinness of tolerance zone equal to 0.5 
units. This T-Map will be a 3D T-Map 
TMapAxis TmA; 
double T = 1; 
TmA.settol(T); 






double R = 3; 
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with non-zero 𝜙, 𝜓 and Δ𝑧. 
Produce Minkowski Sum of the two T-
Maps. Minkowski sum will be a 6D T-
Map with non-
zero 𝜙, 𝜓, 𝜃, Δ𝑥, Δ𝑦 and Δ𝑧. 
Then produce three projections of 6D T-
Map on 
1) 𝜙,𝜓, Δ𝑥 and Δy 4D hyperplane 
2) 𝜙,𝜓 and Δ𝑧 3D hyperplane 
3) 𝜙 and 𝜓 plane 




TMapSum TmS(TmA, TmP); 
 
std::string Dim1 = "phi"; 
std::string Dim2 = "psi"; 
std::string Dim3 = "theta"; 
std::string Dim4 = "dx"; 
std::string Dim5 = "dy"; 
std::string Dim6 = "dz"; 
// 1) 𝜙, 𝜓, Δ𝑥 and Δy 4D hyperplane 
TMapProjection TmP1(TmS, Dim3, 
Dim6); 
// 2) 𝜙, 𝜓 and Δ𝑧 3D hyperplane 
TMapProjection TmP2(TmS, Dim3, 
Dim4); // 3) 𝜙 and 𝜓 plane 
TMapProjection TmP3(TmS, Dim3, Dim4, 
Dim5, Dim6); 
// 4) Δ𝑥, Δ𝑦 and Δ𝑧 3D hyperplane 
TMapProjection TmP4(TmS, Dim1, Dim2, 
Dim3); 
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ii) T-Map Sections 
Sections of higher dimensional T-Maps can be produced using TMapSection class. This 
is useful to produce 3D visuals of higher dimensional T-Maps. Taking a section reduces 
nD T-Map to (n-1)D T-Map. 
Table 4.23 – Set of Functions to Generate T-Map Sections 
Set of Functions Variable Explanation Variable Class 
TMapSection 
TmS(Tm, Dim, Val) 
 
TmS = produced T-Map section 
Dim = Name of small displacement axis to 
which section plane is perpendicular. One of 
the six “phi”, “psi”, “theta”, “dx”, “dy” or 
“dz” 








Note: - The function may fail if input T-Map Tm is singular. Refer first paragraph of 
section 4.5-i) for details. This function can only be used to produce nD sections where n 
≤ 2. It cannot be used to produce 1D section of 2D T-Map. 
Table 4.24 – Example to Generate T-Map Sections 
Example 
Generate a T-Map for an axis of length 
equal to 10 units and diameter of tolerance 
zone equal to 1 unit. This T-Map will be a 
4D T-Map with non-zero 𝜙, 𝜓, Δ𝑥 and Δ𝑦. 
TMapAxis Tm; 
double T = 1; 
Tm.settol(T); 
double  L = 10; 
Tm.setlength(L); 
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Produce three sections 
1) section 𝜓, Δ𝑥 and Δ𝑦 at 𝜙 = 0 
2) section 𝜙, Δ𝑥 and Δ𝑦 at 𝜓 = 0 
3) section 𝜙,𝜓 and Δ𝑦 at Δ𝑥 = 0 
4) section 𝜙,𝜓 and Δ𝑦 at Δ𝑥 = −0.25 
5) section 𝜙,𝜓 and Δ𝑥 at Δ𝑦 = 0 
6) section 𝜙,𝜓 and Δ𝑥 at Δ𝑦 = 0.25 
Tm.generatedata(); 
Tm.generatetmap(); 
// 1) section 𝜓, Δ𝑥 and Δ𝑦 at 𝜙 = 0 
std::string Dim1 = "phi"; 
double Val1 = 0; 
TMapSection TmS1(Tm, Dim1, Val1); 
// 2) section 𝜙, Δ𝑥 and Δ𝑦 at 𝜓 = 0 
std::string Dim2 = "psi"; 
double Val2 = 0; 
TMapSection TmS2(Tm, Dim2, Val2); 
// 3) section 𝜙,𝜓 and Δ𝑦 at Δ𝑥 = 0 
std::string Dim3 = "dx"; 
double Val3 = 0; 
TMapSection TmS3(Tm, Dim3, Val3); 
// 4) section 𝜙,𝜓 and Δ𝑦 at Δ𝑥 = −0.5 
double Val4 = -0.25; 
TMapSection TmS4(Tm, Dim3, Val4); 
// 5) section 𝜙,𝜓 and Δ𝑥 at Δ𝑦 = 0 
std::string Dim4 = "dy"; 
double Val5 = 0; 
TMapSection TmS5(Tm, Dim4, Val5); 
// 6) section 𝜙,𝜓 and Δ𝑥 at Δ𝑦 = 0.5 
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double Val6 = 0.25; 
TMapSection TmS6(Tm, Dim4, Val6); 
 
4.6 Generating Visuals 
There is a function which can be used to print coordinates of a 3D T-Map in a text 
format. This text file can be read using Mathematica to generate visuals of T-Map. 
Table 4.25 – Set of Functions to Generate T-Map Visuals 
Set of Functions for C++ Variable Explanation Variable Class 
Tm.tmapmathematicaout 
(FileName, Dim1, Dim2, Dim3) 
 
Tm = T-Map for which 3D visual 
is to be produced 
FileName = FileName to be used 
for printed file 
Dim1, Dim2, Dim3 = 
3Dimensions to be printed out of 
following six 
"phi" or 0, "psi" or 1, "theta" or 2, 








Note: - Function works as long as the three input small displacements Dim1, Dim2, Dim3 
are independent. Function fails if any one of the three Dim1, Dim2 or Dim3 is null or T-
Map is less than 3D. 
Table 4.26 – Set of Functions to Read T-Map Visuals using Mathematica 
Mathematica code to read T-Map Variable Explanation 
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t1=<<"FileAddress\\FileName"; 
Graphics3D[t1, Axes->True, 
AxesLabel->{Dim1, Dim2, Dim3}] 
Shift+Enter 
t1 = string containing file address and name 
Dim1, Dim2, Dim3 = Axes Labels to be used for 
axes (Could be any three out of "phi", "psi", 
"theta", "dx", "dy" and "dz") 
 
Table 4.27 – Example to Generate T-Map Visuals 
Example 
Generate a T-Map for an axis of length 
equal to 10 units and diameter of 
tolerance zone equal to 1 unit. This T-
Map will be a 4D T-Map with non-
zero 𝜙, 𝜓, Δ𝑥 and Δ𝑦. 
1) print section 𝜓, Δ𝑥 and Δ𝑦 at 𝜙 = 0 
2) print projection 𝜓, Δ𝑥 and Δ𝑦 on 
𝜙 = 𝜃 = Δz = 0 hyperplane 
Transform T-Map using following c 
vector 
Cv = [50 0 0]. This T-Map will be a 
5D T-Map with non-
zero 𝜙, 𝜓, Δ𝑥, Δ𝑦 and Δz 
3) print projection Δ𝑥, Δ𝑦 and Δz on 
𝜙 = 𝜓 = 0 
TMapAxis Tm1; 
double T = 1; 
Tm1.settol(T); 




std::string Dim1 = "phi"; 
std::string Dim2 = "psi"; 
std::string Dim3 = "theta"; 
std::string Dim4 = "dx"; 
std::string Dim5 = "dy"; 
std::string Dim6 = "dz"; 
// 1) section 𝜓, Δ𝑥 and Δ𝑦 at 𝜙 = 0 
double Val1 = 0; 
TMapSection TmS1(Tm1, Dim1, Val1); 
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Generate a T-Map for a circular plane of 
radius 5units and thickness of tolerance 
zone 0.25units. 
Add transformed T-Map for axis and T-
Map for circular plane using MSum and 
4) print section Δ𝑥, Δ𝑦 and Δz at 𝜙 =
𝜓 = 0 
 
 
std::string File1 = "T-Map Axis T-1 L-10 
section psi, dx, dy.txt"; 
TmS1.tmapmathematicaout(File1, Dim2, 
Dim4, Dim5); 
// 2) projection ψ, Δx and Δy on ϕ = θ =
Δz = 0 hyperplane 
TMapProjection TmP1(Tm1, Dim1, 
Dim3, Dim6); 
std::string File2 = "T-Map Axis T-1 L-10 
projection psi, dx, dy.txt"; 
TmS1.tmapmathematicaout(File2, Dim2, 
Dim4, Dim5); 
// T-Map transformation 
double *Cv = new double[3]; 
Cv[0] = 50; Cv[1] = 0; Cv[2] = 0; 
Tm1.setcvector(Cv); 
// 3) projection Δx, Δy and Δz on ϕ = ψ =
θ = 0 
double Val3 = 0; 
TMapProjection TmP2(Tm1, Dim1, 
Dim2, Dim3); 
std::string File3 = "T-Map Axis T-1 L-10 
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Cv-50,0,0 projection dx, dy, dz.txt"; 
TmP2.tmapmathematicaout(File3, Dim4, 
Dim5, Dim6); 






TMapSum Tm3(Tm1, Tm2); 
// 4) section Δx, Δy and Δz at ϕ = ψ = 0 
TMapSection TmS2(Tm3, Dim1, Val1); 
TMapSection TmS3(TmS2, Dim2, Val1); 
std::string File4 = "T-Map Axis T-1 L-10 





4.7 Generating Functional Map 
A functional Map is a T-Map generated using geometry of Target-Feature and a 
Functional Tolerance. Value for Functional Tolerance is such that Accumulation Map is 
completely inside and touches the generated Functional Map. 
  149 
i) Functional Map for planar feature 
Planar Functional Map is a 3D Map with non-zero 𝜙, 𝜓 and Δ𝑧. Following set of 
functions can be used to find the functional tolerance value. 
Table 4.28 – Set of Functions to Generate Functional Map for Planar Feature 




TmF = Functional Map 
R = Radius of circular plane 
TmA = Accumulation Map 
over which Functional Map is 




Note: - Function works as long as T-Map over which planar Functional Map is to be 
fitted is at least 3D with non-zero and independent 𝜙,𝜓 and Δ𝑧 small displacements. 
Otherwise a dummy T-Map is to be added to the T-Map before fitting Functional Map 
and its effect is to be subtracted from functional tolerance as explained in section 4.1 3) 
T-Map analysis. 
ii) Functional Map for cylindrical feature 
Axial Functional Map is a 4D Map with non-zero 𝜙, 𝜓, Δ𝑥 and Δy. Following set of 
functions can be used to fit Functional Map over Accumulation Map. 
Table 4.29 – Set of Functions to Generate Functional Map for Cylindrical Feature 
Set of Functions for C++ Variable Explanation Variable Class 
TMapAxis TmF; 
TmF.setlength(L); 
TmF = Functional Map 
L = Length of Axis 
TMapAxis  
double 
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TmF.generatefunctionaltmap(TmA); TmA = Accumulation Map 
over which Functional Map is 
to be fitted 
TMap 
Note: - Function works as long as T-Map over which Functional Map is to be fitted is at 
least 3D i.e. has at least 3 non-zero and independent small displacements from 
𝜙, 𝜓, Δx, Δy. At this time every T-Map we have encountered for a cylinder meets the 
condition. 
Table 4.30 – Example to Generate Functional Map 
Example 
Generate a T-Map for an axis of length 
equal to 10 units and diameter of 
tolerance zone equal to 1 unit. This T-
Map will be a 4D T-Map with non-
zero 𝜙, 𝜓, Δ𝑥 and Δ𝑦. 
Transform T-Map using following c 
vector 
Cv = [50 0 0]. This T-Map will be a 
5D T-Map with non-
zero 𝜙, 𝜓, Δ𝑥, Δ𝑦 and Δz 
Generate a T-Map for a circular plane of 
radius 5 units and thickness of tolerance 
zone 0.25 units. 
TMapAxis Tm1; 
double T = 1; 
Tm1.settol(T); 





double *Cv = new double[3]; 
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Add transformed T-Map for axis and T-
Map for circular plane using MSum. 
1) Target Feature being a planar feature 
of radius 15 units find functional 
tolerance 
2) Target Feature being axis of length 20 





TMapSum Tm3(Tm1, Tm2); 













4.8 Automated Tolerance Analysis 
The input for automated tolerance analysis is a vector of one or more measures, each 
measure with one or more stack loops. A Measure is a To-Be-Analyzed dimension in 
terms of aCTF terminologies. Output of tolerance analysis is a text file with worst case 
variations in each Measure from its mean value as well as sensitivities of tolerances on 
contributing features for each loop. The module to compute the mean value of To-Be-
Analyzed dimension is not a part of software. 
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This automated process can be classified into 4 different modules as specified in Fig. 4.3. 
 
Fig. 4.3 Flowchart for Automated T-Map Analysis 
1) Target Data Extraction 
Target feature in loop is identified. Target feature geometry data and is read from 
aCTF and is stored for further analysis. Target geometry data is needed further while 
generating and fitting Functional-Maps over global T-Maps for every contributing 
feature. The flow chart shown in Fig. 4.4 explains the process used to read and store 
target feature data for each measure or To-Be-Analyzed gap. 
 
Fig. 4.4 Flowchart for Target Data Extraction 
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All features in stack loop do not contribute to variations in the To-Be-Analyzed 
dimension. There are a number of unnecessary features from T-Map analysis point of 
view. All the datums in a stack loop and all the features which do not have any tolerance 
values associated with them are filtered out first before extracting feature data. Feature 
data to generate a T-Map and transformation data to transform the T-Map from its local 
coordinate frame of feature to coordinate frame of target feature is extracted and stored 
for further T-Map analysis. The flowchart explaining the process for one single stack 
loop is shown in Fig. 4.5. It is repeated for every stack loop for all the Measures. 
 
Fig. 4.5 Flowchart for Feature Data Extraction 
3) T-Map analysis 
A local T-Map is generated for each contributing feature using stored geometry and 
tolerance data. The Local T-Map is transformed to the Target-Feature coordinate frame 
using transformation data. The generated Global T-Map may have dependent small 
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displacements in which case it is not possible to process it further. A 6D dummy T-Map 
is produced by using a dummy tolerance value and the geometry of Target-Feature. It is 
added to Global T-Map of feature using Minkowski sum algorithm at the beginning and it 
effect being known is subtracted from analysis result at the end. The output of 
Minkowski sum is a 6D T-map with all independent small displacements. An incremental 
Functional-Map fitting algorithm uses geometry of Target-Feature and a tolerance value 
which is incremented till Functional Map is big enough just to touch the Global T-Map of 
feature. Worst case variation in To-Be-Analyzed dimension is linear sum of all functional 
tolerances evaluated for all contributing features. This functional tolerance value is used 
further to calculate sensitivities of tolerances specified on feature under consideration. 
The flow chart is explained in Fig. 4.6. 
 
Fig. 4.6 Flowchart for T-Map Analysis 
4) Print Results 
A text file named “TMap analysis results.txt” is the output of the analysis. Fig. 7 shows 
the first few lines of a typical result file produced after analysis. 
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A table is produced for each stack loop for each Measure. The first column of table 
shows the type, either Plane or Axis, of feature. Next six columns are the tolerance values 
and their respective sensitivities. Column 2 is value of the size tolerance, column 4 is 
value of location tolerance and column 6 is value of orientation tolerance specified on 
feature in column 1. Column 3 is sensitivity of size tolerance, column 5 is sensitivity of 
location tolerance and column 7 is sensitivity of orientation tolerance. Column 8 is the 
worst case variation in Target-Feature due the feature and tolerance scheme. Last column 
is the name of feature as per aCTF. 
 
Fig. 7 Screenshot of Results File 
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4.9 Parameter Adjustments 
Since the software is dependent on an open source C++ library called QHull. QHull 
library being open source library sometimes produces unpredictable and unnecessary 
errors. There are some parameters defined which can be adjusted manually to try 
eliminate these errors. Table 4.31 lists such parameters. 
Table 4.31 – Parameters for adjustments 
Parameter Name Location Notes 
m_dDummy_Tol TMapAnalysis.h 
Line 148 
Value of m_dDummy_Tol does not affect 
results. It is an error introduced at the 
beginning to eliminate T-Map singularity 
which is removed from result at the end. 
m_dPrecision TMap.h 
Line 158 
If any value x is such that 
- m_dPrecision < x < m_dPrecision 
It is equated to 0. 












Tolerance increments used for incremental 
Functional Map fitting. 
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CHAPTER 5 
FUTURE WORK 
Anything and everything can be improved over time and continuous development is the 
only key to success. The automated tolerance analysis software described in the thesis 
first extracts stack loops, generates T-Maps for all the features in the stack loops, 
transforms these T-Maps to the global coordinate frame where a target feature is located 
in the assembly and then evaluates the functional tolerance for each feature. Following 
are the suggestions where further research would be necessary to industrialize tolerance 
analysis using T-Maps and to ensure correct tolerance analysis results. 
5.1 Logic for Extracting Angular Stacks 
1D chart, a conventional tolerance analysis method, takes 1D feature stack loops as input 
to perform tolerance analysis. It cannot take into account angular variations in machined 
features. 
T-Maps method on the other side decomposes variations in feature into as many as 6 
small displacements, 3 being translational variations and other 3 being angular rotational 
variations. To use the T-Maps model to its full potential angular stacks must be 
considered along with translational stacks.  
5.2 Logic for Identifying Contributing Small Displacements from T-Map 
The T-Map for an axis of a cylindrical hole is a 4D T-Map with 4 non-zero small 
displacements. All 4 small displacements do not contribute to every variation in 
dimension being analyzed. Logic needs to be developed to identify which small 
displacements from a T-Map contribute to a dependent dimension. Using all the non-zero 
small displacements for analysis induces unnecessary errors in the results. 
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5.3 Logic for Deciding if Kinematic Transformation is Necessary 
It is observed that for some assembly constraints, transforming T-Map from local to 
global frame is not necessary. If not required, transformation unnecessarily induces errors 
in the result. A logic needs to be developed for identifying whether kinematic 
transformation is needed or not. 
5.4 Rebuilding Testbed Tolerance Analysis Software for T-Maps Using 
Generalized Approach 
A generalized approach to represent feature using points seems extensively applicable 
and software development friendly. The current software supports planar and cylindrical 
features only. The mathematics to generate T-Maps is hardcoded inside the program. If 
redeveloped using generalized method its use will be extended to features other than 
planar features, cylindrical features and patterns of cylindrical features.  
5.5 Singularity Handler 
When a T-Map is transformed, it may have dependent small displacements. Qhull cannot 
be used to process such T-Maps where one or more of the small displacements are 
dependent on the others. A separate thread of thoughts needs to be dedicated for this 
specific area to handle singular T-Maps. Refer first paragraph of Chapter 4 Section 4.5-i) 
for details. 
5.6 Size as Independent Dimension in Space 
It is possible to model T-Maps by representing variations in size along an axis other than 
6 small displacement axes. In existing software, every T-Map is represented as a 6D 
hyper solid. It would be helpful to introduce an extra size dimension in the T-Map space. 
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From an industrial standpoint, T-Map technology has a great potential and usefulness in 
the area of tolerance analysis, if developed and detailed further.  
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